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Abstract. The quantum group analogue of the normahzer of SU{1,1) in SL{2,C) is an 
important and non-trivial example of a non-compact quantum group. The general theory of 
locally compact quantum groups in the operator algebra setting implies the existence of the 
dual quantum group. The first main goal of the paper is to give an explicit description of the 
dual quantum group for this example involving the quantized enveloping algebra ?7g(su(l, 1)). 
It turns out that Uq{su{l, 1)) does not suffice to generate the dual quantum group. The dual 
quantum group is graded with respect to commutation and anticommutation with a suitable 
analogue of the Casimir operator characterized by an affiliation relation to a von Neumann 
algebra. This is used to obtain an explicit set of generators. Having the dual quantum 
group the left regular corepresentation of the quantum group analogue of the normalizer 
of SU{1,1) in SL{2,C) is decomposed into irreducible corepresentations. Upon restricting 
the irreducible corepresentations to Uq{5u{l, l))-representation one finds combinations of the 
positive and negative discrete series representations with the strange series representations 
as well as combinations of the principal unitary series representations. The detailed analysis 
of this example involves analysis of special functions of basic hypergeometric type and, in 
particular, some results on these special functions are obtained, which are stated separately. 

The paper is split into two parts; the first part gives almost all of the statements and the 
results, and the statements in the first part are independent of the second part. The second 
part contains the proofs of all the statements. 
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Preamble 

The proofs of the statements in the paper are technical. To enhance the readability of the 
paper, the paper is essentially split into two parts. The first part contains all the statements 
and can be read independently from the second part containing the proofs. Moreover, Section 
^ is independent of the remainder of the paper, and in Section ^ we state explicit results for 
special functions of basic hypergeometric type. This section is meant for people interested in 
special functions. For the convenience of the reader we have added an index, which includes 
references to notations frequently used. 

1. Introduction 

On the one hand, the general theory of quantum groups has its roots in approaches in the 
axiomatizations of generalizations of groups such that the Pontryagin-van Kampen duality 
for locally compact abelian groups extends to this wider class. On the other hand, a large 
class of explicit and interesting quantum groups arose from various cases, e.g. /^-matrices 
as solutions of the Yang-Baxter equation and the RTF-formalism. For the quantum groups 
related to compact groups arising in this way the duality is formulated on the level of Hopf 
algebra duality between the quantized function algebra and the quantized enveloping algebra. 
For the historic development of the general theory for locally compact quantum groups we 
refer to the papers -especially the introductions- and books ||T^, [0]. For the 



development of quantum groups involving the Yang-Baxter equation and the RTF-formalism 
we refer to the books 0, [|16], [^]. It has turned out that many of the examples arising 
in this way fit into the general theory of quantum groups, especially for the quantum group 
analogues of compact groups. These quantum groups can usually be analyzed in an algebraic 
way. For quantum group analogues of non-compact groups the situation is not so clear. 
As it turns out the Hopf algebra arising from the standard i?-matrix for SL{2, C) has three 



different ^-structures |^ , and we consider a *-structure making the Hopf algebra into a Hopf 
*-algebra as the choice of an appropriate real form. The compact case, corresponding to 
the quantum group analogue of SU{2), has been studied extensively, see 0, ||l6l, ||2^ and 
references given there. This is also the basic example of a quantum group having an intimate 
link with special functions of basic hypergeometric type |T^, see 0, [|l^, pSf, as well as 



||28|| . Then there is the non-compact case associated to the non-compact group SU{1, 1) and 
a non-compact case associated to the group S'L(2,M). Although SU{1, 1) = SL{2,'R) as Lie 
groups the corresponding Hopf *-algebras for the deformed case are different. The subject of 
this paper is the Hopf *-algebra associated to the group SU{1, 1), in which the deformation 
parameter q is real. For the case of the Hopf *-algebra associated to SL(2, M) the deformation 
parameter is on the unit circle, and the situation changes dramatically, see and for recent 
progress on the level of associated special functions see van de Bult 0. 
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In this paper we focus on the Hopf *-algebra associated to SU{1, 1), which is recalled in 
Section We also recall that Woronowicz showed that there was no way to extend 
the comultiplication of this Hopf *-algebra in analytic way, i.e. to the level of operators on 
Hilbert spaces. Based on work of Korogodsky ||3^ and Woronowicz |^ it is possible to show 
that there exists a quantum group analogue of the normalizer of SU{1,1) in SL{2,C) in 
the context of the definition of Kustermans and Vaes |^ (see also and |Q for an 
introduction) on the level of a von Neumann algebraic quantum group. This has been shown 
in |^0|, where special functions of basic hypergeometric type proved to be essential in the 
construction. The purpose of this paper is to give an explicit description of the dual quantum 
group and to decompose the left regular corepresentation into irreducible corepresentations 
for this explicit quantum group. In the decomposition of the left regular corepresentation 
we see the analogy with the group case, since in the left regular representation of the group 
SU{1,1) = S'L(2,M) only discrete series representations and principal unitary series occur. 
However, in the quantum group case the discrete series are no longer split up into a positive 
discrete series and a negative discrete series. 

Some of these results have been announced in ||31|, and in this paper we give full proofs of 



these statements. This paper can be read independently from [31|. After browsing the paper 



it should be clear to the casual reader that making the general quantum group machinery 
work for this specific case is a very technical business. However, we believe that this is 
worthwhile since SU{1, 1) = SL{2,'R) is one of the most important non-compact Lie groups 
pl[1 , p6| , p^ , p2| , |]50[] and any reasonable quantum group theory has to have the 



example of a quantum group analogue of SU{1,1). Moreover, we hope that understanding 
this example may also lead to other non-trivial examples of non-compact quantum groups 
and related quantum homogeneous spaces, such as quantum group analogues of SU{n,l), 
and related homogeneous spaces SU{n, l)/S{U{n) x U{1)). Moreover, in the operator algebra 
context i^-theory is available, and the first step in this direction is taken |]T2|. In particular. 



one can ask for a /T-theoretic approach to discrete series representations in this setting. We 
expect that the link with special functions can lead to new and deep results in the theory of 
special functions, and we have included some highly non-trivial examples in Section ^, but 
we expect that the relation is deeper and not yet fully exploited. E.g. the link with twisted 
primitive elements, suitable Cartan type decompositions and (associated) spherical functions 
and corresponding transform as indicated in can be studied from an operator algebraic 
point of view, see also 0, Ch. 3] for a more general study of the Plancherel measure in 
this context. Having the decomposition of the left regular representation available it is now 
also natural to consider other questions, e.g. can we decompose tensor products, describe 
the intertwiners in terms of special functions, etc? We are confident that the interpretation 
of discrete series representations in this context gives a solution to indeterminacy problems 
related to certain tensor product decompositions of infinite dimensional representations of 
Ug{su{l, 1)), see cf. [0, ||T8[ for cases where the indeterminacy is absent. 

We now describe the contents of the paper. In Sections we recall the necessary back- 
ground on general locally compact quantum groups in the von Neumann algebraic setting and 
the specific example that we study. In Section ^ we recall the Kustermans- Vaes approach to 
locally compact quantum groups on the von Neumann algebraic level, which is the framework 
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for this paper, and Section |^ is mainly based on . Next in Section ^ we give a concise de- 
scription of the Hopf *-algebra and the quantum group anafogue of the normahzer of SU{1, 1) 
in SL{2,C) in the context of Section Section ^ is based on [Q. In Section ^ we give an 
exphcit description of the dual quantum group in the case of the quantum group analogue 
of the normalizer of SU{1, 1) in SL{2,C). In particular we show that the generators of the 
quantized universal enveloping algebra f/q(su(l, 1)) can be realized as unbounded operators af- 
filiated to the von Neumann algebra of the dual quantum group. We discuss how the (suitable 
extension of the) Casimir operator can be used to find sufficiently many generators. It turns 
out that the self-adjoint extension of the algebraically defined symmetric, but not essentially 
self-adjoint, operator is characterized by affiliation to the von Neumann algebra for the dual 
quantum group. We also show that comultiplication defined on the von Neumann algebraic 
group coincides with the comultiplication of the Hopf *-algebra [/q(su(l, 1)). In Section |^ 
the decomposition of the left regular corepresentation is presented, it involves analogues of 
the principal unitary series representations and discrete series representations. In Section ^ 
we collect some interesting new (as far as we are aware) results for special functions of basic 
hypergeometric type which are byproducts of the approach taken. In particular, the results 
discussed in Section |] can be read independently by someone only interested in special func- 
tions, but the proofs are dependent on the rest of the paper. Sections describe the results 
of this paper in detail and form the core of the paper. All the main results and its background 
can be obtained from Sections ^|-^. The gist of the main results are obtained when reading 
only this part of the paper, which can also be viewed as a very extended introduction. The 
proofs of all statements in these sections are given in the remainder of the paper consisting 
of Sections [7|-p!l|. In Appendix ^ we recall some notation and terminology of von Neumann 
algebras, whereas we recall the necessary details of the special functions involved in Appendix 
^. In Appendix y we discuss a specific example of a Jacobi operator, whereas Appendix |^ 
contains nitty-gritty proofs of some intermediate lemmas. 



2. Von Neumann algebraic quantum groups 



In this section we recall the definition of the von Neumann algebraic quantum groups and 
related results. So we work with a theory on the quantum group analogue of locally compact 
groups in the realm of operator algebras. We summarize the main features, and we discuss 
the group case for a unimodular Lie group G. The proofs of all statements can be found in the 
papers [^, by Kustermans and Vaes. Introductory texts on this subject are [^, [Q, see 



also . In Section ^ we describe the example we study, namely the von Neumann algebraic 
quantum group associated to the normalizer of SU{1,1) in SL{2,C), which is essentially 
recalling the results of p]|]. 

Definition 2.1. Consider a von Neumann algebra M together with a unital normal *-ho- 
momorphism A: M — > M M (the comultiplication) such that (A ® Id)A = (Id C?> A) A 
(coassociativity) . Moreover, if there exist two normal semi-finite faithful weights ip, ip on M 
such that 



(^((w (g)Id)A(x)) 
V'((Id(g)u;)A(x)) 



^{x)uj{l), y CO e M+,\/ X e 



(left invariance) , 
(right invariance), 
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then (M, A) is a von Neumann algebraic quantum group. 

Note that we suppress if and ip from the notation (M, A) for a von Neumann algebraic 
quantum group. 



The notation in Definition ^]T] follows the standard notation for weights, tensor products 
and preduals, see e.g. [22], |51], which are briefly recalled in Appendix ^ We recall here 
the basic constructions for weights, since the related modular objects play an important role, 
5T| . In particular, a weight is a map ip: M+ [0, oo], being the cone of positive 



see 



elements in M, such that ip{x + y) = ^(x) + <p{y) and Lp(\x) = \(p{x) for A > 0. Then 
= {x e M+ I (f{x) < oo}. A/" = {x G M I ip{x*x) < oo} is a left ideal and M is the linear 
span of in M. Then Ai = A/"* A/", and (p extends uniquely to Ai. The weight ip is faithful 
if (p{x) 7^ for all non-zero x G M^. The weight ip is semifinite if Ai is cr-strong-* dense 
in M+ or {At)" = M. The weight ip is normal if v?(suP;^Xa) = sup^ip{xx) for any bounded 
increasing net {xa}a6A in and this can be reformulated in various different ways. Normal 
semifinite faithful weight is abbreviated to nsf weight. 

A GNS-construction for a weight is similar to a GNS-construction for a state. A GNS- 
construction for a weight is a triple {Ti, tt. A) consisting of a Hilbert space Ti, a *-homomor- 
phism TT : M — > BiTi) and a linear map K: M ^ Ti such that 

(1) A(A/') is dense in U] 

(2) (A(a), A(6)) = ip{h*a) for all a, 6 G TV; 

(3) 7r(x) A(a) = A(xa) for all x G M, a G N. 

In case 93 is a nsf weight, the representation vr is injective, normal and nondegenerate, and A 
is closed for the a-strong-* topology on M and the norm topology of Ti. In case we want to 
stress the dependence on the weight ip we use the notation A4J, Ai^, A/"^, 7i<^, A<^ as in 
Definition [g^. 

The weight respectively ip, in Definition is the left, respectively right, Haar weight 
for the von Neumann algebraic quantum group (M, A). It can be shown that the left and 
right Haar weights are unique up to a constant. 

In this paper, we mainly deal with the von Neumann algebra M and the corresponding 
von Neumann algebra M for the dual von Neumann algebraic quantum group, see Theorem 
p73| , and the weights do not play a big role, but the associated modular operator, modular 
conjugation and modular automorphism group plays an important role. In order to obtain the 
properties of these operators, consider the GNS-representation for ip and the antilinear map 
from A(A/'nA/'*) C 7i to itself defined by A(x) i— > A(x*). This map has polar decomposition 
JV^/^ where J : H ^ H is an antilinear isometry and = Id. J is the modular conjugation 
and the (generally unbounded) self-adjoint operator V is the modular operator associated 
with the weight ip. Then 

Jtt{M)J = 7r(M)', V^*7r(M)V~'^* = 7r(M), t G M. (2.1) 

Here 7r(M)' = {x G BiTi) \ xy = yx G 7r(M)} is the commutant of tt{M). For a nsf 



weight TT is faithful, and then we identify tt{M) with M, so that ( |2.1| ) gives J M J = M', 
V**MV^** = M, t G M. Then o"t(x) = V**xV~**, x G M, defines a strongly continuous 
one-parameter group a of ^-automorphisms on M for the nsf weight ip. It is the modular 
automorphism group a = a"^ for the nsf weight ip. 
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Having the GNS-construction for the left invariant nsf weight we define 

W*{A{a)®Aib)) = (A® A)(A(6)(a® 1)), 

then is a unitary operator on 7i (8> 7i, which is known as the multiphcative unitary and is 
instrumental in the development of locally compact quantum groups, as pointed out initially 
in 0. Identifying M with 7r(M), we obtain A(x) = W*{1 ® x)W for all x G M, so that the 
multiplicative unitary implements the comultiplication. 

Remark 2.2. To see how groups are included in this definition take a group G, which for 
convenience we assume to be a unimodular Lie group. Then the von Neumann algebra M = 
L°°{G) is acting by multiplication operators on the Hilbert space L'^{G), defined with respect 
to the left Haar measure dig. So we consider M as a subalgebra of B{L?'{G)). Then = 
j^f{g)dig for / G L^{G) fl LP'iG) = A4, and the corresponding GNS-construction of ip is 
(L^(G),Id,A) where A: J\f^ = L'^{G) n L'^iG) L'^{G), x ^ x. In this case the predual is 
M, = L^{G) C M* by considering 3 f ^ {L'^{G) 3 x ^ f{.g)x{g) dig) and M = (M,)* 
and the cx-weak topology is the (t(M, M^,)-topology. For f,h & L'^{G) a normal functional 
Uf^h is defined as the matrix element Uf^h{x) = {xf, h) = Jq x{g) f {g)h{g)dig . In this case the 
multiplicative unitary W is 

W: L^G) ® L^{G) = L\G X G) ^ L\G) ® L\G) ^ L^G x G) 

{W*f){g,h) = f{g,gh), {Wf){g,h) = f{g,g~'h). 

Particular to the unimodular Lie group case is that the antipode S: M ^ M, {Sx){g) = 
x{g~^) is bounded, but in the general case it is not. To indicate how the antipode can be 
obtained from the invariant weight in the general case note that 

x{h'^g)y{g)dig = / x{g)y{hg)dig 
Jg 

so that 

S: {ld(^ip){A{x){l(^y)) ^ (Id ® ip) {{1 ® x) A{y)) . 

This in particular gives the key to defining the antipode S* on a von Neumann algebraic 
quantum group as an unbounded operator. A basic result is a polar decomposition of the 
antipode. To be precise, there exists a unique *-anti-automorphism R: M —>■ M and a unique 
strongly continuous one-parameter group of ^-automorphisms r: M ^ Aut(M) satisfying 

S = Rt_,/2, = Id, nR = Rn Vt G R. (2.2) 

R is known as the unitary antipode, and r the scaling group. One can show that (pR is a right 
invariant nsf weight, and one can make the choice ip = ipR for the right Haar weight, which 
we assume from now on. 

An interesting result in the theory of locally compact quantum group is duality, see Theo- 
rems p]^ and p.4|. For the dual locally compact quantum group we have 



M = {{uj® ld){W) I uj G B{n),} C B{n), (2.3) 

where the closure is with respect to the a-strong-* topology and H is the GNS-space for the 
left invariant weight (f. 
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Theorem 2.3 ([0). M is a von Neumann algebra acting on Ti, and there exists a unique 



normal injective *-homomorphism A: M — > M M, A{x) = TiW{x 1)W* S for x G M. 
Moreover, (M, A) is a locally compact quantum group; the Pontryagin dual of (M, A) or the 
dual locally compact quantum group. 

Here S: Ti ® Ti ^ Ti ® Ti denotes the flip operator E: a ®h ^ h ® a. 

In particular, the dual locally compact quantum group comes with two nsf weights (p and 
if). Let J and V be the modular conjugation and modular group for the left invariant dual 
weight (p. Then, in the realization of M on the GNS-space Ti we have for the unitary antipode 
as in ( p. 21) the relations 

R{x) = Jx*J, VxeM, R{x) = Jx*J, VxeM. (2.4) 



It follows from Theorem 2.3 that the multiplicative unitary for the dual von Neumann 
algebraic quantum group is W = Siy*E. The multiplicative unitary W E M M, where we 
consider M acting on the GNS-space H for the left invariant weight if. Moreover, 

{J0J)W{J®J) = W*. (2.5) 

A unitary corepresentation U oi a. von Neumann algebraic quantum group on a Hilbert space 
if is a unitary element U G M®B{H) such that (A(g)Id)(f/) = t/i3f/23 G M®M®B{H), where 
the standard leg-numbering is used in the right hand side. In particular, it follows from the 
pentagonal identity H/'i2W^i3W^23 = W23W12 and A(a;) =W*{1® x)W that the multiplicative 
unitary W defines a unitary corepresentation of M on the GNS-space. This corepresentation is 
the analogue of the left regular representation of a Lie group G on the Hilbert space L^{G). A 
closed subspace L ^ H for the unitary corepresentation is an invariant subspace if (a;(8>Id)(f/) 
preserves L for all u G M^,. In particular, it follows from Definition |2.3| that an invariant 
subspace is precisely the closed subspace invariant for the action of the dual von Neumann 
algebra M, since it is generated by {uj®ld){W), uj G M*. A unitary corepresentation U in the 
Hilbert space H is irreducible if there are only trivial (i.e. equal to {0} or the whole Hilbert 
space H) invariant subspaces. In particular, {{u ®ld){U) \ u G M*}" = B{H) implies that U 
is an irreducible unitary corepresentation. 

The nice feature of the von Neumann algebraic quantum groups is the following theorem. 



due to Kustermans and Vaes , |^ , which is a far-reaching generalization of the Pontryagin- 
van Kampen duality. 

Theorem 2.4. (M, A) = (M,A). 

Remark 2.5. We finish by discussing some of the above in the case of a unimodular Lie group 
G continuing Remark |2.2| . Identify uj G M* with a function k E L} [G) , then {uj ® Id) iW) G 
B{L'^{G)) is the convolution operator f ^ k* f, {k * f){g) = jQk{s)f{s~^g)dis. Then the 
product in M corresponds to the convolution product, and the dual left invariant weight on 
such a convolution operator is evaluation of the kernel at the identity of the group G. To 
see that the corepresentation associated to the multiplicative unitary corresponds to the left 
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G 



regular representation, say A, we check 

\{uf,j, ® mW)) h) (h) = {Wif, ® /a), /2)i (h) = I {W{h ® h)) {g. h)U9) dig 

J G 

Hg) Ug) h{g~'h) dig = {\U\h) h) (h). 

Since the normal functional ujf^^j^ corresponds to /1/2 G L^{G), the required result follows. 

3. The quantum group analogue of the normalizer of SU{1,1) in SL{2,C) 

In this section we recall the von Neumann algebraic quantum group for which we calculate 
the dual von Neumann algebraic quantum group, and for which we decompose the left regular 
corepresentation. Except for the last paragraph, all the results described are taken from pn|. 



The Lie group SU{1, 1) = SL{2,M.) is one of the most important non-compact Lie groups. 
On the level of Hopf algebras, a classification of real forms of the quantized universal enveloping 
algebra f/g(sl(2, C)) results in three different real forms, i.e. Hopf *-algebras; the compact case 
Uq{su{2)) for < g < 1, which is extensively studied @], [|l6l, |^, the non-compact case 



Uq{sl{2,W)) with q on the unit circle, see e.g. the previously mentioned books and 0; and 
the non-compact case f/g(su(l, 1)) for < g < 1. In these cases there is a related dual Hopf 
*-algebra which is a deformation of the algebra of polynomials on the related group. We 
refer to the books [l^, ||25|, as well as to [^, for more information and 



references. However, as Woronowicz ||56| proved, there is no C*-algebra interpretation for the 



related Hopf *-algebra with a well-defined comultiplication. Later, Korogodsky indicates 
how the ill-defined comultiplication could be avoided. With the introduction of the theory of 
von Neumann algebraic quantum |^ , it is natural to ask whether or not this important 



example can be incorporated in the theory of von Neumann algebraic quantum groups. As it 
turns out the answer is yes, and the key to the solution is using special functions. 

All statements of this section are proved in [^, except ( |3.6| ) for which a direct proof is 
given. 

Throughout the paper, we fix a number < g < 1. Define Aq to be the unital *-algebra 
generated by elements a, 7 and e and relations 

t t t 2 t t t 

ck'q: — 7'7 = e act' — q 7'7 = e 'y'^ = ^^' 

OL^ = q^ OL 0:7^ = ^7^0: (3.1) 

e^ = e e^ = l ols = sol 76 = 67 

where f denotes the ^-operation on Aq (in order to distinguish this kind of adjoint with 
the adjoints of possibly unbounded operators in Hilbert spaces). In case we take 6 = 1 in 
JTI) we obtain the *-algebra which is usually associated with the algebra of polynomials on 



the quantum analogue of S'L'"(1,1), see |Q, ||3^. The additional generator e has been 
introduced by Korogodsky [p7| . 

For completeness we give the Hopf *-algebra structure on Aq. By Aq Aq we denote the 
algebraic tensor product. There exists a unique unital *-homomorphism \ : Aq ^ AqQ Aq 
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such that 

A(a) = CK (g) q; + g (e7"^) (g) 7 A(7) = 7 (g) ck + (ea^") (g) 7 A(e) = e (g e (3.2) 
The counit e: Aq ^ Aq and antipode S : Aq ^ Aq are given by 

5(a) = eat 5(at) = ea 5(7) = -g 7 5(7^) = --^ 5(e) = e 

e{a) = 1 £(7) = e{e) = 1 

This makes Aq into a Hopf *-algebra. 

To see that for g = 1 we obtain the Hopf *-algebra of polynomials on the group SU{1, 1) 
(when restricting to the sub- Hopf *-algebra Ag given by e = 1) and on the normalizer 
NsL(2,c){SU{l, 1)) of SU{1, 1) in SL{2, C) we recall 

SU{1, 1) = G SL{2, C) I g*Jg = J = -^l) } = { (l I) ' ^ G C, |ap - |cp = l| 
and we let ct{g) = a, 7(5') = c. Similarly, 

NsLi2,c){SU{i,i)) ={ge SL{2X) I g*Jg = ±J} 

l-^ I a, c G C, £ G {±1}, lap - |cp = e| = SU{\, 1) U SU{\, 1) (^J "J 

and we put a((7) = a, 7((7) = c, e((7) = e. 

The following result by Woronowicz ||5^ states that one cannot expect a suitable quantum 
group on an operator algebra level arising from Hopf *-algebra A}q (i.e. with e = 1 in ( |3.1|) ). In 
Theorem [3?1] a representation of A}^ consists of two closed operators a and 7 acting in a Hilbert 
space H such that the domains of a, 7, a*, 7* are equal, say D, and such that the relations in 
( p.l| ) are represented in a weak sense, e.g. a 7 = g 7 a is translated by i^v, q*w) = q{av, 7*iu) 
for all v,w & D, etc. 

Theorem 3.1 (Woronowicz |^). For {a^,^^), resp. (a^,7^), closed operators on an infinite 
dimensional Hilbert space , resp. H^, representing the relations, there exist no closed 
operators a, 7 acting on H^®H^ representing the relations and extending Q^®a^+q (7^)*(g7^, 
7^(ga2 + (a^)*(g72, such that a*, Y extend {a'^)*®{a^)*+q-f^®{j^)* , {-f'^)*(^{a'^)*+a^®{j^)* . 



Theorem [331 is a negative result, but Korogodsky pointed out how to proceed by adding 
the additional generator e. 

It is not hard to represent the commutation relations (|3.1| ) by unbounded operators acting 
on the Hilbert space H = L^(T) © L'^{Iq), where Ig = —q^ U and equipped with the 
counting measure. Here T = {z G C | |z| = 1} denotes the unit circle, N = {1,2, ■ ■ ■ } and 
No = {0, 1, 2, ■ ■ ■ }. If p G Iq, we define 6p{x) = ^^^p for all x G Iq, so the family {Sp \ p G Iq} 
is the natural ortho normal basis of L'^{Iq). For L^(T) we have the natural orthonormal basis 
l^m I g Z,}, with ( the identity function on T. Then {("^ (g 5p | m G Z, p G Iq} is an 
orthonormal basis for H. Define linear operators ao, 70, cq on the space E of finite linear 
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combinations of (S> 5p by 

ao{r ® 5,) = v/sgn(p) + p"^ C" ® 6,,, 

loir ® Sp) = ® Sp, eoiC ® Sp) = sgn(p) C ® ^p- 

for all p G /q, m G Z. The actions of a J and 7q on can be given in a similar fashion by 
taking formal adjoints, and these satisfy the relations and give a faithful representation 

of the algebra Aq. Then §2] the operators ao, 7o are closable with densely defined closed 
unbounded operators a, 7 as their closure. Moreover, the adjoints a* and 7* are the closures 
of ag, 7o. Let e be the closure of Cq, then e is a bounded linear self-adjoint operator on H. 
As discussed by Woronowicz ||5^ and in it is not sufficient to consider the von Neumann 
algebra generated by a, 7 and e in order to obtain a well-defined comultiplication. Consider 
the linear map T: C'" ® C™ ® ^-p; T G B{H), where we take 5p = in case p ^ Ig, and 
let u be its partial isometry. 

Definition 3.2. M is the von Neumann algebra in B{H) generated by a, 7, e and u. 
By definition, see Appendix A.4| , a and 7 are affiliated to M. 

It can be shown 0, Lemma 2.4 (3)] that M = L°°{T)®B{L'^{Ig)). We define the operators 

$(m, p, t): C ®^x^ S^t C^^'' ® Sp, m,r eZ, p,t,x e Ig. 

A straightforward calculation gives 

$(mi,]9i,ti) $(m2,p2,t2) = 5p2,ti '^'("^1 + m2,pi,t2), ^{m,p,t)* = ^{-m,p,t) 

In particular the finite linear span of the operators $(m,p, t) form a a- weakly dense *- 
subalgebra in M. 

In order to show that M is the von Neumann algebra of a von Neumann algebraic quan- 
tum group we need to define the comultiplication A and the left and right invariant nsf 
weights ip and i/j such that the requirements of Definition are met. We start with the 
construction of the left invariant nsf weight by writing down its GNS-construction. Define 
Tr = Tr^oocir) ® Tr^(/^2(/^)) on M, where Tr^oocir) and Tr^(/^2(-7-_^)) are the canonical traces on 
L°°(T), i.e. Tr2,oo(T)(/) = Jj.f{C)d'C with normalization Ttioo(j^ (1) = 1, and on B{L^{Iq)), 
normalized by Tr B{L2{iq)){P) = 1 for any rank one orthogonal projection. Note that Tr is a 
tracial weight on M so in particular its modular group is trivial. For Tr we have the following 
GNS-construction: 

• a Hilbert space /C = H®L'^{Ig) = L^(T) (g)L^(Jq) (g)L^(Jg) equipped with the orthonor- 
mal basis {fmpt \ rn E Z, p,t E Ig}; 

• a unital *-homomorphism tt: M — > B{}C), 7r(a) = a® Idi2(7^) for a G M; 

• Att : A^Tr ^ /C, a Epe/,(" ® ^(iLHi,))) fo,p,p- 

We define the left invariant nsf weight ip formally as iplx) = Tr(|7| x I7I) with the operator I7I 
affiliated to M. We proceed by defining the set D as the set of elements of a; G M such that 
x\'y\ extends to a bounded operator on H, denoted by x\'j\, and such that x\'j\ G Axr, and for 
X G -D we put A{x) = A^j.{x\'~f\) . The set D is then a core for the operator A which is closable 
for the cr-strong-*-norm topology. 

Definition 3.3. The nsf weight p on M is defined by its GNS-construction (/C,7r, A). 
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Remark 3.4. From the general theory of nsf weights as recalled in Section ^ we know that 
comes with a modular automorphism group a, a modular conjugation J and modular operator 
V. In particular, as estabhshed in §4], we have: 

• (jt{x) = |7p**a;|7|-2^* for all x G M, t G M; 

• <l>{m,p,t) G A/; and A($(m,p,t)) = \t\-^fmpt; 

• ^{m,p,t) G and (p{^{m,p,t)) = |t|"^5m,o5p,i; 

• (^{m^p^t) is analytic for a and cr2(<l>(m,p, t)) = |p~^tp*^$(m,p, t) for all 2; G C; 

• J fmpt f—m,t,pi 

• fmpt in the domain of V and Vfmpt = \p'^t\'^ fmpt- 

Remark 3.5. Note that in particular we can use vr to identify M C B{H) with its image 
7r(M) C B{1C). From now on we use this identification, and we work with M realized as von 
Neumann algebra in B{}C). 



In [30, §4] it is observed that the right invariant weight ip = (p, so it remains to construct 
the comultiplication which we give using the multiplicative unitary W G B{IC ® /C). We give 
an explicit expression for W* G B(1C®1C) in terms of basic hypergeometric series in ( [7.10| ). 
The functions ap(-, ■) are recalled in Definition |6.2| , and the unitarity of the multiplicative 
unitary W is closely related to orthogonality properties of these functions ap. Then the 
comultiplication is given by, recall Remark |3.5| that we view M C B{}C), 

A{x) = W*{l®x)W, xeM. (3.5) 



In fact, this formula has led to the definition of the multiplicative unitary in ( 7.10 ), since the 
functions ap are interpreted as Clebsch-Gordan coefficients for the tensor product decompo- 
sition of the representations considered in (p.4|). We refer to §3] for a more elaborate 
discussion of this motivation. 

Theorem 3.6. The pair (M, A) is a von Neumann algebraic quantum group. 

Theorem p.6| is PP] , Thm. 4.9], and the really hard part is to prove the coassociativity 
Id (8> A o A = A (8> Id o A. For this part the choice of sign s(-, ■) in Definition of the function 
ap is essential. It should be noted that the results are obtained in different order in |^D[ than 
presented here. 



All of the above is included in |^ , but we additionally need the action of the dual modular 
conjugation J in the GNS-space /C. Explicitly, we have 

J/„,p,i = sgn(p)^(^')sgn(t)>^W(-l)'"/_^,p,i, p,tG/„ m G Z. (3.6) 

This can be proved from the results in as follows. Since the right invariant weight equals 
the left invariant weight, we have JA(x) = K{R{x)*) for x G A/", see |]41| , Prop. 2.11]. Using 
pO| , Prop. 4.14] for the explicit expression of the unitary antipode R we see that applying this 
expression with x = ^{m,p,t) gives ( |3.6| ). 

4. The von Neumann algebra for the dual quantum group 

The general theory as described in Section ^ shows that there is a dual von Neumann 
algebraic quantum group associated to the von Neumann algebraic quantum group (M, A) 
associated to the normalizer of SU{1,1) in SL{2,C), see Theorem p.3| . Since we have the 
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von Neumann algebra M explicitly given by Definition |3.2| and Theorem |3.6| it is natural to 
ask for an explicit description in terms of generators for the von Neumann algebra M of the 
dual von Neumann algebraic quantum group. On the level of Hopf algebras, there is a duality 
between A]^ and the quantized universal enveloping algebra [/g(su(l, 1)), see and 0. So 
it is natural to expect that the quantized enveloping algebra f/g(5u(l, 1)) plays a role in an 
explicit description of M, but also that ?7g(su(l, 1)) will not suffice to describe M. This is 
made explicit in Theorem [4.13| . 

Let us first recall the quantized universal enveloping algebra f/g(su(l, 1)) in order to fix 



the notation. The study of f/g(su(l, 1)) goes back to Vaksman and Korogodskii |5^, and 
Masuda et al. see also Durban and Klimyk p. Its representation theory is also needed 
in this paper, and we recall the irreducible admissible representations in Section ^, where we 
decompose the GNS-space with respect to the [/g(5u(l, l))-action. For general information on 
quantized universal enveloping algebras one can consult e.g. 0], [|16], p5|, [Q, p9 |. 

E and F 



Recall that f/g(su(l, 1)) is the complex unital *-algebra generated by K, 
subject to 



KK 



1 = K^K, KE = gEK, KF = g-^FK, FE - EF 



K2-K 



-2 



(4.1) 



q-q 

and where the *-structure is defined by K* = K, E* = F. Since we assume < g < 1, the 
^-structure is easily seen to be compatible with ( [4.1|) . (We identify {A,B,C,D) of |Q by 
(K, E, — F, K~^) and compared to the notation of we have e = E, / = — F and k = K.) 
The algebra Uq{su{l, 1)) has more structure, since it can be made into a Hopf *-algebra. 
For completeness we recall the action of the antipode S and the comultiplication A on the 
generators; 



and 



S(K) = K \ S(E) = -q-^E, S(F) = -gF, S(K-^) = K. 



A(K)=K®K, A(E) = K®E + E(g)K-i 
A(F) = K®F + F(g)K-\ A{K-^) = K-^ (g)K-\ 



The Casimir element 

n 



\ [{q-' - qfYE - gK^ - g-^K^^) = \ ((g-^ - g)^EF - gK"^ - g-^K^) 



(4.2) 



(4.3) 



(4.4) 



is a central self-adjoint element in [/g(su(l, 1)). In fact, we use a slightly renormalized version 
of the operator used in |45]. If C denotes the element introduced in |45, Part II, (1.9)] 



one 



g ^)^ C — 1. The Casimir element O generates the center of ?7g(su(l, 1)). 



has f2 ■ 

In order to represent the algebra f/g(su(l, 1)) on the Hilbert space /C of the GNS-represen- 
tation some care has to be taken, since the operators are in general unbounded. We define the 
dense subspace /Cq of K, as the linear subspace consisting of finite linear combinations of the 
orthonormal basis elements fmpt-, see the definition in Section ^. Equivalently /Co can also be 
viewed as the linear span of elements of the form (S> / with m G Z, / G K,{Iq x Jg), where 
/C(/q X Iq) is the space of compactly supported function on Iq x Iq. Note that /Cq is dense 
in K, and that /Co inherits the inner product of /C, so we can look at the space of adjointable 
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operators £+(/Co) for ^o? see |^ Prop. 2.1.8]. Recall that 

C^{]Co) = {T: /Co ^0 linear | 35": /Cq — > /Co linear so that {Tx,y) = {x, Sy) Vx, y G /Cq} 
The *-operation in £+(/Co) will be denoted by f. 
Definition 4.1. We define operators Eq, Kq in C^{ICq) by 

(g - q'^)Eof^pt = sgn(t) g~V \p/t\^ ^\ + /{(g-^t) fm~i,p,q-H 

(4.5) 



- Sgn(p) |t/p|2 + frn~l,qp,t 

and Kq fmpt = \p/t\^ fmpt for all m eZ, p,t e Ig. 
Here sgn denotes the sign, and = sgn(x)a;^, see Definition |0. 



Definition |4.1| is motivated by formal calculations based on p5| , Part II (1.11), (1.12)]. 
One easily checks that = Kq and that Kq is invertible in C^{1Cq). Also Eq G £^(/Co) 
and 

(g - q~^) eI fmpt = sgn(t) g^"^ ^1 + /t(t) /m+i,p,gj 

- sgn(p) g 2 \t/p\2 + K{q~^p) fm+i,q-^p,t 

for all m G Z, p, t G /g. 

At this point we observe that modular conjugation J preserves /Co, since J fmpt = f-m,t,p 
see Remark |3.4j , and it follows straightforwardly 

J El J = -Eo and J Kq J = K^^ in C^^ICq). (4.7) 

Using ( p.4|) we see that (^4.7|) is in correspondence with (4.2). 



The next proposition shows that Eq and Kq do satisfy the defining relations ( [4.1|) for the 
*-algebra [/g(5u(l, 1)). 

Proposition 4.2. PFe /iawe 

Ko Eo = qEo Kq and E^ Eq - Eq E^ = °— . 

q-q 1 

and the elements from { K^Eq^E^Y | m G Z, A;, Z G Nq } are linearly independent. 

Proposition ^l2| implies that there exists a unique unital *-representation p: f/q(su(l, 1)) 
£+(/Co) so that El Eq and K i— > Kq, hence /Cq is turned into a [/q(su(l, l))-module. Define 
W to be the unital *-subalgebra of C~^{]Cq) generated by Kq, Kq^ and Eq. This is a *- 
representation of [/g(su(l, 1)) by unbounded operators in the sense of Ch. 8], so that 
in particular each element of U is closable. The Poincare-Birkhoff-Witt theorem, see e.g. 
0, implies that the ^-representation f/g(su(l, 1)) £+(/Co) is faithful and W is a concrete 
realization of Uq{su{l, 1)). 

An essential role in the representation theory of Uq{su{l, 1)) is played by the Casimir 
operator (^^). An elaborate discussion about its role in decomposing /Cq into irreducible 
Ug{su{l, l))-modules is given in Section |[ We define the Casimir element Qq & U G £"*"(/Co) 
as Qq = p{ft), i.e. 

nQ = Uiq- q-'f El Eq -qK^Q- q'' K,' ) = l{iq- q''? EqEI - q-' KI - qK^' ) . 
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By Definition [4.1| and ( [4 .61 ) we have the explicit expression 

2 ^0 fmpt = -Sgn(pt) a/(1 + + H{t)) fm,qp,qt 

+ + q~"'~'t\p\) fmpt - sgn(pt) y/{l + K{q-^p)){l + tiiq-H)) /„,,-ip,,-it 

for all m G Z and p, t € /g. 

Recall that we are using a renormalized version (and terminology) of the operator used in 
45| . The renormalization is chosen in such a way that the continuous spectrum of the relevant 



self-adjoint extension of ^Iq is given by [—1, 1] and the point spectrum of this extension has a 
maximal degree of symmetry with respect to the origin. 

Not Kq, Eq and Qq are the operators relevant to the dual locally compact quantum group 
(M, A) introduced in Section 0, but rather the right closed extensions of these operators. Now 
Kq is essentially self-adjoint, so it is clear what extension of Kq to use. At this moment, it is 
not clear what kind of extension of Eq we need, but Proposition [4.4| shows that the closure of 
Eq is the natural extension in this setting. Next the Casimir operator is discussed. 

Definition 4.3. We define the densely defined, closed, linear operators E and K in K, as the 

closures of Eq and Kq respectively. 

One expects at least that K and E are affiliated to the dual von Neumann algebra M. This 
is indeed the case. 

Proposition 4.4. K is an injective positive self-adjoint operator in K,. The operators K and 
E are affiliated to the von Neumann algebra M . 

Note that the spectrum a{K) consists of U {0}. Moreover, E* is the closure of Eq, and 
there exists a characterization of E given in Proposition |0 . 



Next we want to define the Casimir operator on /C as the right extension of VLq. Since 
Q}q = Qq, it is natural to look for a self-adjoint extension of Qq to be this right extension. But 
Qq is not essentially self-adjoint, which is discussed in Section ||, thus, unlike the cases E and 
K, we can not merely use the closure of Qq. 

Definition 4.5. We define the Casimir operator Q as the closure of the operator 

1 {{q-q-rE*E-qK'-q-'K-'). 
At this point it is not clear that Definition |4.5| makes sense. 



Theorem 4.6. The Casimir operator Q is a well-defined self-adjoint operator. The Casimir 
operator commutes strongly with the unbounded operators E and K. Moreover, the Casimir 
operator Q is the unique self-adjoint extension of Qq that is affiliated to the von Neumann 
algebra M. 

The proofs of these statements are given Section |. At the same time it will emerge that Q 
is not the closure of Qq. 

The Casimir element Qq belongs to the center of U, and hence commutes with Eq and Kq in 
C'^{}Cq). On the Hilbert space level, this result has an analogue to the extent that the Casimir 



operator f2 strongly commutes with E and K, see Theorem [4.6| . However, since (M, A) is 
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a quantization of the normalizer of SU{1,1) in SL{2,<C), and not of SU{1,1), it is to be 
expected that the Casimir operator does not commute with all elements of M. Indeed, the 
Casimir operator satisfies a graded commutation relation with the elements of M, i.e. there 
exists a decomposition M = M+ © M_ such that the Casimir operator commutes with the 
elements of M_|_ and anti-commutes with elements of M_, see Proposition |4lS . 

In order to formulate the graded commutation relation involving the Casimir operator we 
provide /C and M with a natural Z2-grading. 

Definition 4.7. We define the closed subspaces /C+, /C„ C /C as 



1C± = Span{ fm,p,t \ m G Z,p,t G Iq so that sgn{pt) = ± }, 

So K, = /C+ © /C_. We define the a-weakly closed subspaces M+, M_ C M as 

M+ = {x e M \ xlC±ClC±} and M_ = { x G M | x /C± C /C^ } . 

Then M+ is a von Neumann algebra, and M_ is a self-adjoint subspace so that M± M^p C M_ 
and M_ M_ C M^. In order to get a real Z2-grading on M, we need the following result. 

Proposition 4.8. M = M+Q)M_. Let x G M+ andy G M_, thenxVt CQx andyVt C -Qy. 



Proposition ^]8| implies that E and do not suffice to generate M because of Theorem 
In order to determine M, Proposition [4.8| also provides the key ingredient once we have 
determined the spectral decomposition of Q explicitly. Indeed, Proposition O implies that 
elements of M can be described by mapping (generalized) eigenvectors for the eigenvalue A 
of the Casimir operator to (generalized) eigenvectors for the eigenvalue ±A of the Casimir 
operator. For this we have to study the Casimir operator restricted to suitable invariant 
subspaces on which the spectrum of Q has simple spectrum, which is done in Section ^. 

We define bounded operators on the Hilbert space /C of the GNS-representation using the 
multiplicative unitary W G B{IC ® /C). Using the normal functional Uf^g G -B(/C)* defined by 
^/,gW = f,9), f,9 ^ ^, we define 

Q{pi,P2,n) = {ujf^g0ld){W*): IC-^JC, / = /op^ 1, ^ = (4.9) 

Proposition 4.9. The operators Q{pi,P2,'n) G B{K,), pi,p2 & Iq, n & TL, are in M and the 

linear span is strong-* dense in M. Moreover, Q{pi,p2,n) G Msgn{pip2)- 



Proposition |4.9| is the key to the proof of Proposition O, and describes sufficiently many 
elements of M. 

Since the operators Q{pi,P2,n) span M linearly, we calculate the structure constants. 

Proposition 4.10. For pi,p2,ri,r2 G Iq, n,m & Z, we have Q{pi,P2,n) Q{ri,r2,m) = in 
case \ — \^q"^or\ — \^q"'. In case 1 — 1 = q"^ and 1 — 1 = q"' we have 

Q{pi,P2,n) Q{ri,r2,m) = ^ ax^{ri,pi) a^2{r2,P2) Qixi, X2,n + m) 
where the coefficients axX^i^Pi), ^ = 1;2, are defined in Definition [gT 



Since M' = JMJ, see ( |2.1| ) for the dual von Neumann algebra. Proposition [4.9| leads to the 
following. 
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Corollary 4.11. The operators JQ{pi,P2,n')J G B{JC), pi,p2 & Iq, n E Z, are in M' and the 

linear span is strong-* dense in M' . 

The main problem in proving Proposition |4.9| is that the operators Q{pi,P2,n) do not 
preserve the dense subspace /Co- We have the following polar- type decomposition of these 
operators. 

Lemma 4.12. For fixed pi,P2 E Iq, n E there exists an orthogonal projection P = 
P{pi,P2,n) G B{}C), a continuous function H{-) = H{-]pi,p2,n) and a partial isometry 

Q{pi,P2,n) = UH{n)P. 

Since the elements H{Q) and P, as element of the spectral decomposition of K, are in the von 
Neumann algebra generated by E and K, we only need to incorporate the partial isometries. 
Now we can state the main theorem of this section, which gives an explicit description of the 
von Neumann algebra for the dual locally compact quantum group. 

Theorem 4.13. The von Neumann algebra M is generated by K, E, Uq~ , U^^. 

It is interesting to connect the comultiplication of the dual quantum group as in Theorem 
with the comultiplication (|4.3|) of the quantized universal enveloping algebra. 



Proposition 4.14. We have A{K) = K ® K, and 

KoQEo + Eo& K^^ C A(E) and Ko Q EI + E^ K^^ C A{E*) 



In Proposition [4.14| the left hand side denotes the algebraic tensor product of the unbounded 
operators which are defined on the domain /Co /Co C /C ® /C. So we see that the comul- 
tiplication of the dual quantum group corresponds to the comultiplication of the quantized 
universal enveloping algebra, see (|3.2|) . Note that for an element x affiliated to M we can 
calculate A(x) as an affiliated element of M M. 

We can also calculate the comultiplication on the elements Q{pi,P2,n) spanning M, see 
Proposition ^I9| , using the pentagonal equation. 

Proposition 4.15. Forpi,p2 E Iq, n E Z, we have 

^{Q{PuP2,n)) = Q{p,p2,n-m)®Q{pi,p,m), 

meZ, p£lq 

where the sum converges in the cr -weak-topology of M ® M . 

The action of the unitary antipode R and of the ^-operator on the generators Q{pi,p2,n) 
of M is given in Corollary [7.4[ 



5. The decomposition of the left regular corepresentation 

As remarked in Section |^ the multiplicative unitary acting in the GNS-representation of 
the left invariant weight is the analogue of the left regular representation. For the Lie group 
SU{1, 1) = S'L(2,R), the decomposition into irreducible representations involves the principal 
unitary series and the discrete series, see e.g. [0, ||21[, |Q, [Q. The decomposition is 
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obtained by considering the action of the Casimir operator, since its eigenspaces give invari- 
ant subspaces as the Casimir operator is a central element. Our next goal is to decompose 
the left regular corepresentation given by the multiplicative unitary W acting in the GNS- 
representation JC into irreducible corepresentations. We want to proceed in a similar fashion, 
but as follows from Proposition |4.8| we need to combine two eigenspaces of the Casimir oper- 
ator. We first consider the discrete part, and next the continuous part. 

In Section ^ we decompose the GNS-space K. into irreducible representations for ?7q(su(l, 1)) 
by decomposing the action of the Casimir operator, and since its generators are related to 
affiliated operators to M we expect that this is a building block in the decomposition. In 
this section we describe the decomposition explicitly, and for each corepresentation in the de- 
composition of the left regular corepresentation we indicate its decomposition as f/g(su(l, 1))- 
representation using its representations as described in Section |0. 



In order to find the decomposition of the left regular corepresentation we have to look for 
invariant subspaces of {u ® Id)(Vr), u G M^,, which are the generators of M. By Proposition 
[4.8| we can restrict to eigenspaces for the Casimir operator for the eigenvalues A and —A. By 
considering combinations of such eigenspaces in suitable invariant subspaces for the Casimir 
operator we can determine invariant subspaces, hence irreducible corepresentations occurring 
in the decomposition of the left regular corepresentation. In this approach we have to dis- 
tinguish between eigenvalues A of the Casimir operator Q satisfying |A| > 1, leading to the 
analogue of discrete series representations of SU{1, 1), and those satisfying |A| < 1, leading to 
the analogue of principal unitary series representations of SU{1, 1). The case A = has to be 
considered separately. 

In Section |5]l| we discuss the analogue of the discrete series representations, and in Section 
|5^ we discuss the analogue of the principal unitary series representations. For the precise 
description of the results we need to use some notation that is used in the proofs. 

5.1. Unitary corepresentations: discrete series. In order to be able to describe the 
results we need to consider the discrete spectrum of the Casimir operator. The complete 
spectrum of the Casimir operator Q is described in Section p, where for suitable fi-invariant 
subspaces )C{p,m,e,ri) C JC the spectral decomposition of ^\ic{p,m,e,v) is discussed in detail. 
The spectrum is simple and consists of a continuous part [—1,1] and a discrete part depending 
on K.{p, 171,6,7]) for p E q'^, m E Z, e,!] E {±1}- We refer to (|7. 1| ) for the definition of these 
subspaces. Throughout this subsection we fix p G g^, A G —q^^ U q^^ and set x = /i(A) = 
|(A + A~^). Thus, X is an isolated point of the spectrum of the Casimir operator Qii x E 
see Section ^]3|. We denote e'^^{p, x) E D{Q)n}C{p, m, e, rj) to be the eigenvector of the Casimir 
operator Q for the eigenvalue erjx in the subspace lC{p,m,e,vi) of the GNS-space. We note 
that ef^i^p, x) 7^ if and only if Q has an eigenvector with eigenvalue er] x inside lC{p, m, e, rj). 
By the results proved in Section ^]3| the eigenspace of fl restricted to /C(p, m, e, rj) is at most 
one-dimensional, so that e^^(p, x) is defined up to phase-factor after putting ||e^''(j9, = 1. 
The precise choice is given in Section |10.1| . 



Recall we have to find closed invariant subspaces for the action of M, and we can define 
closed invariant subspaces in terms of the eigenvectors of the Casimir operator Q. This is 
straightforward once we have described the actions of the generators of M on the eigenvectors 



of in Lemma 10.1. 
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Lemma 5.1. We define the closed subspace Cp^^ of JC as 



jCp,x = Span{ e^^ip, x) \ m e Z,e,ri e {-, +} }. 

The space Cp^^ is an invariant subspace of the corepresentation W of (M, A). If Cp^x 7^ {0} 
we say that that {p,x) determines a discrete series corepresentation o/(M, A). The element 
Wp,x = ^Ix:®/; ^ unitary corepresentation of (M, A) on Cp^^- 



Using the explicit actions of the generators of M as described in Theorem [4.13| on the 
eigenvectors of the Casimir operator we can classify the values of {p, x) such that Cp^^ is a 
discrete series corepresentation of (M, A). The result is the following. 

Proposition 5.2. Consider p G and x = /i(A) where A G —q^'^+^p U q^'^+^p and |A| > 1. 
Let j,l & be such that |A| = q^~'^^p^^ = q^^'^^p, so I < j. Then {p,x) determines a discrete 
series corepresentation of (M, A) in the following 3 cases, and these are the only cases: 

(i) lfx>0, in which case 

{ e^~^{p, x) I m G Z } U { e~"*"(p, x) \ m E Z,m < 1} U { e^~{p, x) \ m E Z,m > j } 

is an orthonormal basis for Cp,x- 

(ii) If X < 0, I > and j > 0, in which case 

{ e„^(p, x) I m G Z } U { e'^{p^ a;)|mGZ, m</}U{ e„^(p, x) | m G Z, m > j } 

is an orthonormal basis for Cp^x- 

(iii) If X < 0, I < and j < 0, in which case 

{ (p, x) I m G Z } U { e~~ (p, x) | m G Z, m < / } U { e^^(p, x) | m G Z, m > j } 
is an orthonormal basis for Cp^x- 



Proposition gives a complete list of discrete corepresentations occurring in the left 
regular corepresentation. In each of the cases listed in Proposition 5^2 we can consider the 
representation of M as a representation of f/g(su(l, 1)) (by unbounded operators in the sense 
of ^§1), and then, by comparing the action of E and K as given in Lemma |10.1| , with the 
listing in Section we see that Cp^x in case (i), (ii) and (iii) of Proposition corresponds 
to 

as f/g(su(l, l))-module, where the decomposition corresponds to the order of the orthonormal 
basis. The notation for the ?7g(5u(l, l))-modules is as in Section |8]^. Here x(p) G Z is defined 
in Definition 6J- and t{j)) = ^x{p) mod 1, so e{p) = for p G g^^ and e{p) = ^ for p G g^^"*"^, 
see ( p.25|) . So we see that a discrete series corepresentation in the left regular corepresentation 
decomposes in the same way as sum of three Uq{su{l, l))-representations involving a strange 
series representation in combination with a positive and negative discrete series representation. 

Proposition 5.3. Assume that {p,x) determines a discrete series corepresentation of{M,A). 
Then Wp^x is an irreducible corepresentation o/(M, A). 
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5.2. Unitary corepresentations: principal series. Next we discuss the irreducible corep- 
resentations of (M, A) in the left regular corepresentation W corresponding to the continuous 
spectrum of the Casimir operator Q. We cannot obtain these representations by restriction 
to closed subspaces, so we have to use another approach. 

Motivated by Lemma |10.1| and the admissible irreducible representations of Uq{su{l, 1)) as 



discussed in Section ^]T] we define for x = cos6 G [—1, 1] and p G g a Hilbert space Cp^^ by 

e,v(^{-,+} 

where each space i^^^^ip, x) denotes a copy of £^(Z) with standard orthonormal basis {e^{p, x) 
m G Z}. We define operators E, Uq^, Uq^ on Cp^^ by 

1 



Kel^{p,x) =p^q"'e'^{p,x), 

{q-' - q)E et^\p, x) = q'^'^'^l + ^W^+'e^'l e^^^P, 
Ut e'„,\p,x) = r^i-iy'^^^ e^-\p,x), 
U,^e^^^{p,x) = er/>^(^)(-l)'"e-^'''(p,x). 



(5.2) 



Here x{p) = logg(p) is defined in Definition |6.1| and v{p) is defined in ( p.0.1 ). Explicitly, for 
p = q^^ or p = -with A; G Z we have v{p) = k. The operators E and K are unbounded 

closable operators with dense core the finite linear combinations of the orthonormal basis 
vectors e^''(p, x), m E Z, e,ri E {—,+}. The operators Uq~ and Uq~^ are bounded; they are 
isometrics. 



Proposition 5.4. The operators E, K, Uq , Uq defined by ( |5.2|) generate a von Neumann 
algebra Mp^^ that is isomorphic to M . Consequently, ( |5.2| ) determines a unitary corepresen- 
tation Wp^x of (M, A). The corepresentation Wp^x is reducible, and its decomposition into 
irreducible corepresentations is given by 

Wp^x = © Wl^, in case x ^ 0, or p E g^^+\ 

Remark 5.5. Denoting the corresponding invariant subspaces by Dpx and £^'q of Propo- 
sition ^.4| , which are described explicitly in Section |10.2| , we can consider these irreducible 
constituents of Proposition ^]4| as representations of f/g(su(l, 1)). If we consider the irre- 
ducible representations W^x^ j = 1,2, of M as representations of Uq{su{l,l)), they decom- 
pose into irreducible principal series [/q(su(l, l))-representations as 7!'b{-x),e{p) ®''^b(x),e(p), where 
b{x) is determined by = x and e{p) = ^x{p) mod 1, as in the decomposition of 

the discrete series subcorepresentation of W into Uq{su{l, l))-modules in Section |^ and the 
representations of f/q(su(l, 1)) are described in Section |8]J. Similarly, it follows that for x = 
and e{p) = 0, the irreducible representations W^'q, j, k = 1,2, of M can be considered as 
irreducible principal series representations nf,(o),o of t/g(su(l, 1)), where 6(0) = —4^- This 



follows directly from the explicit description of the spaces £^ x '^po Section |10.2| and 



]2D compared to the listing of irreducible representations of Uq{su{l, 1)) in Section |8]4. 



20 



WOLTER GROENEVELT, ERIK KOELINK AND JOHAN KUSTERMANS 



In Section || we discuss for suitable ^-invariant subspaces }C{p, 171,6,1]) C /C the spectral 
decomposition of ^\ic{p,m,s,ri)j and we denote by /Cc(p, rn, e, rj) C /C(p, m, e,!]) C JC the subspace 
corresponding to the continuous spectrum [—1, 1] of ^\ic{p,m,e,ri)- 

Proposition 5.6. For p G let K,c{p) C K, be the subspace defined by 

^c{p) = }Cc{p,m,e,ri), 



£,??e{-,+} 



then 



-1 

For direct integrals of (co)representations we refer to Ch.8]. 

5.3. Decomposition of the left regular corepresentation. Since /C = /Cc © /C^ with Kd, 
respectively /Cc, the subspace corresponding to the discrete, respectively continuous, spec- 
trum of the Casimir operator, we find by combining Propositions ^]3| and the following 
decomposition of the left regular corepresentation W of (M, A). 

Theorem 5.7. ^ 

where Vlp = ^k(p,m,e,J7) and ad denotes the discrete spectrum. 

It is well-known that in the decomposition of the left regular representation of SU{1, 1) = 
5*17(2, R) the discrete series representation and the principal unitary series occur, and in 
this sense Theorem |5.7| is the appropriate analogue of this result. In case of the group 
SU{1,1) = SL{2,'R) we also have complementary series representations, which do not oc- 
cur in the decomposition of the left regular representation, but which can be obtained by 
continuation from the principal unitary series representation. For the quantum group ana- 
logue of the normalizer of SU{1, 1) in SL{2,C) we have a similar result. So we can obtain 
unitary complementary series corepresentations of (M, A), and the approach is sketched in 
Section |ia3|. 

6. Results for special functions of basic hypergeometric type 

This section is separately readable from the remainder of the paper. This section is meant 
to give a couple of examples of rather complicated identities for special functions of basic 
hypergeometric type lipi and type 2V'i, see [0. We assume that the reader of this section is 



familiar with the notation for basic hypergeometric series [17], but the definition is recalled 
in Appendix p. In the first subsection we introduce the notation for special functions, and 
we recall some elementary properties. The first subsection introduces notation and special 
functions that are used throughout the paper, whereas the following subsections give explicit 
highly non-trivial results for these special functions. These identities follow from the quantum 
group theoretic interpretation. 
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6.1. Definition of some special functions. The set of natural numbers (without 0) will 
be denoted by N and Nq = N U {0}. We write, as in Section |, Iq = -q^ U q^. We use the 
following functions frequently. 

Definition 6.1. (i) X- — q'^ U — Z such that x{x) = log^(|x|) for all x E —q^ U q^; 

(ii) k: M ^ M such that k,{x) = sgn(x) for all x G M; 

(in) u: -q^Uq^ -*R+ such that v{t) = g|(xW-i)(xW-2) j^r all t E -q^ U q^; 
(iv) s: Mo X 1^0 {~^^ 1} ^■^ defined such that 



s{x,y) 



-1 if X > and y < 
if X < or y > 



for all x,y eRo = M\{0}. 

(v) ^i:C\{0} {0} such that fi{y) = l{y + y-^) for ally eC\ {0}. 

For a,b,z E C, we define 

^Q^^_^^^_g ,_!)», .(M). (6.1) 

This is an entire function in a, b and z. Here we have used the standard notation for basic 
hypergeometric series [jl^ , or see Appendix p.l| . 

We use the normalization constant Cg = {V^q (g^, — g^; q^)oo)^^- Then the following defini- 
tion is |30, Def. 3.1], and the notations as in Definition |6]l| are used. 

Definition 6.2. If p E Iq, we define the function ap-. Ig x Ig ^ M, such that Qp is supported 
on the set { (x, y) E Ig x Ig \ sgn{xy) = sgn(p) } and is given by 



ap{x,y) = Cgs{x,y) {-1)^^^^ (-sgn(y))^W \y\ u{py/x) AjMl^Ml^l 



for all {x,y) E Ig x Ig satisfying sgn{xy) = sgn(p). 

The functions ap{x,y) for p,x,y E Ig have been introduced in §3], motivated by their 
occurrence as Clebsch-Gordan coefficients. Depending on the choices of the sign, these func- 
tions can be identified with well-known special functions of basic-hypergeometric type. In 
particular, for sgn(x) = sgn(?/) the functions ap{x,y) can be identified with the g-Laguerre 
polynomials in case sgn(x) = sgn{y) = — and with the associated big g-Bessel functions in 
case sgn(a;) = sgn(y) = +, see [|^. The g-Laguerre polynomials correspond to an indetermi- 
nate moment problem, and the big g-Bessel functions form a complementary orthogonal basis 
to the orthogonal polynomials for an explicit solution to the moment problem corresponding 
to Ramanujan's iT/'i-summation formula, see [|10| for details. For sgn(a;) = — sgn(?/), the func- 
tions ap{x, y) can be matched with Al-Salam-Carlitz polynomials and g-Charlier polynomials, 
see for their definition. 

For completeness we recall the orthogonality properties of these functions, see pO| , Prop. 
3.2, 3.3]. For 9 E -q^ U q^ we define ig = { {x,y) E Ig x Ig \ y = 9x }. 
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Proposition 6.3. Consider 9 G —q^Uq^. Then the family {a^l^^ \ p E Iq such that sgn(p) = 
sgn(^) } is an orthonormal basis for l'^{le)- In particular, 

ap{x, Ox) ar{x, 9x) = 5p^r, p,r G Ig. 

xdlq SO that Oxdlq 

Proposition 6.4. Consider 9 G —q^Uq^ and define J = q^ G Ig if 9 > and J = —q^ C Ig if 

9 < 0. For every {x,y) G ie we define the function e(^x,y) : J M such that e{x,y){p) = CLp{x,y) 
for all p G J. Then the family { ei^x,y) \ u) ^ ^e} forms an orthonormal basis for 1^{J)- In 
particular, 

^ap{x,9x)ap{y,9y) = 

<^X,y, X,y E Ig. 

For convenience we state the following symmetry relations for the functions ap{x,y), see 
Prop. 3.5]: 



ap{x,y) = (-l)^(^^')sgn(x)^(") 



ay{x,p); 



ap{x,y) = sgn{p)^^^^sgn{x)^^^hgn{y)^^^^ap{y,x); (6.2) 



ap{x,y) = {-ir^^^hgniyY 



(y) 



axip,y)- 



6.2. Summation and transformation formulas for ap{x, y). The functions ap{x, y), which 
as noted above are closely related to some well-known orthogonal polynomials of basic hy- 
pergeometric type, are used in the definition of the so-called multiplicative unitary W, see 
( [7.10| ). In the general theory of locally compact groups, the multiplicative unitary W plays an 
important role. In particular, it satisfies the pentagonal equation, a relation that is essential in 
proving Propositions |4.1CI| and [4.15| . The result in these propositions lead to operator identities 
in suitable Hilbert spaces, and taking matrix coefficients then essentially lead to Theorems 
5.5 and |6.8| in this section. The details of the proofs are given in Section 



6.2.1. Representing the structure of M . By taking the non-trivial structure constants of Propo- 
sition 4.10 and considering matrix coefficients at both sides we obtain the following theorem. 

Theorem 6.5. Forpi,p2, ri, r2 G Ig, /, n, m G Z, e, 77 G {±} and with z E Ig so that sgn(z) = e 
and erjpq'-z G Ig and with w E Ig so that sgn(iy) = £sgn(ripi) and er]sgn{ripir2P2)pq''~^"^^^'w G 
Ig we have 



az{x,w) a^{ri,pi) a|x|sgn(r2P2)p52'+™+-('^2,P2) 



xSiIq SO that sgn{a;)=sgn(ripi) 
and |x|sgn{r2P2)pg^'"'^'"^"G/q 

X a^^pgi^{\x\sgn{r2P2)pq'^^^'^^'',sgn{ripir2P2)£r]PQ^^"'^'^w) = 5|ii|p,g-2i-m 5|£i|p_g-2i-2m-„ 
X ^ az{ri, u) au{pi,w) a^^pgi^{r2, e7]sgn{rir2)pq^^"^u) 

udlq SO that sgn(u)=sgn(ri)e 
and £'qsgn{rir2)pg'^"^u^Iq 

X ae^sgn{rir2)pg'+™«(P2, Sgn(riPir2P2)£ W^"'"^"^) , 



DUAL QUANTUM GROUP 



23 



where the series on both sides converge absolutely. 

Remark 6.6. (i) The formula of Theorem B]B contains many special cases involving g-Laguerre 



polynomials, big g-Bessel functions, Al-Salam-Carlitz polynomials and g-Charlier polynomials 
as special cases by suitable specializing the signs in the formula. Note moreover that in all 
cases the sums are essentially sums over or q^. For each particular choice of the signs the 
square roots occurring in Definition |6.2| in Theorem will cancel or can be taken together. 
It would be of interest to find a direct analytic proof. 

(ii) As stated before, the functions ap{x, y) can be interpreted as Clebsch-Gordan coefficients 
related to representations of the quantized function algebra, which has no classical counterpart. 
For the case of the quantum SU{2) group the corresponding Clebsch-Gordan coefficients 
are Wall polynomials, which are special cases of little g-Jacobi polynomials and also can be 
interpreted as g-analogues of Laguerre polynomials, see [0. The classical Clebsch-Gordan 



coefficients also satisfy summation formulas involving the product of four Clebsch-Gordan 
coefficients, see e.g. |^, Ch. 8.7], but the structure of the summations is quite different. 



Relations as in Theorems |6.5| and |6.8| , if proved directly, might give a hint of proving directly 
that the corresponding g-analogues of the Racah coefficients are zero at the appropriate places, 
leading to a direct proof of the coassociativity for M, see the discussion p. 289]. 



Theorem |6.5| can be used to obtain positivity results for sums where the summands have 
four of the functions ap{x,y). The result is contained in Corollary |6^ . We give the case 
corresponding to the g-Laguerre polynomials explicitly, and we refer to Askey Lecture 
5] for more information on the related positivity results for the Laguerre polynomials. The 
g-Laguerre polynomials are defined by, 

lL-Hx; g) = ^^^^ ( j;;, ; g, -g^^^x) , (6.3) 

in this application we only consider the case a = 0. 

Corollary 6.7. Forri,r2 & Iq, l,m & Z and with z G Iq so thatsgn{z) = e and eri\^\q~"^~^ z G 
Iq and we have 

(-77)'+™(?7Sgn(ri))'^("i) (r/sgn(r2))'^("^) {er])''^'^ 
x"^ ar,{ri,ri) a^{z, z) a^g-m\i2\{r2,r2) a^q-m\L2\{er]\ — \q~"'~^z,er]\ — \q-"'-^z) > 

and for a G Z and ni, n2, n^, G Nq we have 

Note that the sum is closely related to one of the orthogonality measures for the g-Laguerre 
polynomials, which correspond to an indeterminate moment problem. A similar positivity 
result can be obtained for the g-Bessel functions involved. 
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6.2.2. Representing the comultiplication in M. The explicit expression for A in the dual quan- 
tum group M as given in Proposition 4.15 , or better the expression ( [7.23 ) in the proof of 
Proposition [4.15| , leads to a formula for its matrix elements. The result is the following theo- 
rem. 

Theorem 6.8. For fixed r G g^, mi,m2, M,n G pi,p2 G Iq, ei,e2,r]i,'r]2,(T G {±} and for 
Zi, Z2,Wi,W2 G Iq satisfying 

sgn(^,) = = 1, 2), E,r],q"'Wz, G £2^72?"''"^-'"^-"^ e 

sgn(wi) = sgn(pi)ei, sgn(w2) = cre2, asgia{pi)eir]iq'^''^^^riWi G Iq, 

CTSgn(p2)£2^?2g ' ' — TT 

r\p\ 

and such that cizi ^ we have 



w. 



\a,p,rn,"^^rMp,\rq^'^^+'' ,e,r],asgn{p^)w,rq^^^^^ 



2 



^ n . (r> r -n ^2^2 2ml-m2-M^ 

X a,,^,||2|£i,-2™i-^.-n(P2,^2r?2^^^g J 



^ ^ a^^{£ir]iq"'^rzi, y) a^^{sgn{pi)(Teir]iq"''^^^rwi,y) 



y 

y,x(^Iq so that sgn(j;)=e2'?i and 

X a -2iP2i „-2,ni-™2-„ (a;, £i£2r/ir/2g"'"'"'"' — ) a^(p2, sgn(pip2)g"— ) 
^2^2 TFTT^ rz\ Z\ 

^ «..gn{p2)e2r,2^</-2-i-2-M(sgn(PlP2)g ^ , £l£2r/ir/2g ' ' —) 

where the left-hand-side is considered to be zero in case cr|pi|rg^™i+^'^ ^ Iq. The series con- 
verges absolutely. 



Remark 6.9. (i) First note that the largest part of Remark |6.6| (i) is also applicable to Theorem 
|6.8| , except for the fact that the summation is more involved. Viewing the summation as a 
sum over an area in IqX Iq G (with x on the horizontal axis and y on the vertical axis), we 
see that the summation area is a subset of Iq x Iq bounded by a vertical line and a hyperbola. 
Depending on the sign choices there are eight possibilities for the location of the vertical line 
and the hyperbola. 



(ii) Theorem follows from the operator identity in Proposition [4.15| , but the single term 
in the left hand side of Theorem |6.8| corresponds to summation on the left hand side of 



Proposition |4.15| , whereas the double sum on the right hand side of Theorem |6.8| corresponds 
to the single term on the right hand side of Proposition [4.15. 



(iii) Since the results in Theorems |6.5[ and both reflect the pentagonal equation for the 
multiplicative unitary, one might expect the resulting identities to be equivalent by using the 
orthogonality relations of Propositions O and However, this is not the case as follows 
by considering the dependence of both results on the free parameters. 



DUAL QUANTUM GROUP 25 

6.3. Formulas involving 2V5i-series. In Section |^ we show that with respect to the spectral 
decomposition of the Casimir operator Q the operators Q{pi,p2,n) generating M, see Propo- 
sition [4.9|, act by multiplication by a 2V^i-series up to a sign-change in the argument. Since 



we also have another explicit expression for the action of Q{pi,P2,n') by Lemma [7.1| , we have 
two different explicit expressions for the action of Q{pi,p2,n). This leads to the following 
theorem, where the functions \1/ are essentially lyji-functions as defined in (|6.1| ). Actually, we 
have written out two of several options depending on several sign choices. 

Theorem 6.10. Let m,n ^Z, pi,p2 G and A G T. 
(z) For keZ, 



oo ^ 

J2 i-iy-'^-iplq'-''-') q'\-q''''-pl/plq 



2n 

oo 



l=—oo 



/ 2-2m-2n 2n V Fl^/F2,q pi/ P2^ o 2-21 



2-2m-2n 



/ _„2-2Z \ /_ 2-2i+2m 2/ 2 

X VR ( ^ ■ r/^ rr2+2fc /nM ( ^ P1/P2 2 2+2fc-2m-2n/ 2 

^ ^ I ^2+2fe~2« /Pi I ^ I ^2+2fe-2n-2i /^l 

2fc 2„-3fc -fc2. 2 ^2/ 2. 2x (Pig'""A/p2, Pig'""AM; 

F2 y y ly 5 q i P2iq > 



{P2q^ "A/pi,p2g^ "A/]9i;g2)„ 



^/ 2-2n 2n />2g^ ''^/Pl,P2q^ "MA 2 2/2 

X (g ; g )oo 2¥'i ( ^2-2n ; y > -y /P2 

^ ( 2-2m 2N / Piy^+"A/p2,Piy^"*""MA 2 2-2fc 

;y)c»2<^i( ^2-2m '^'-^ 



where the sum converges absolutely, 
(ii) Assume q~"^P2/pi < 1 and q~^~"'P2/pi < 1, then for k G No, 



p2i^2(k-i)qii-m-k-i) /g-2',gi+>2AM,y^+>2MA 2 2 



00 

E (^2.^2)^ ^V^^^ g2-2„.p2/p2^0 

y. ^ I ^ . 2 _ 4+2fc/ 2^ ^ f l?^™ ^^Pi/pI 2 _ 4+2fe-2m-2n/ 2 

X ^ 1 g2+2fc-2« ' ^ ' ^ /Pi ) I ^2+2fc-2n-2i ' ^ ' ^ /Pi 



= g2„(.-„.+l)^-n(n-l)^2.-2„(^2™^2/^2. ^2)^(^2+2.^ _^2/^2. ^2)^ 
^ ^„2+2n. 2^ ^ y'~"P2AM, yl->2/plA o 2/2 

X w , y joo 2V^i I ^2+2n ) y ) y /P2 

/g-2'=,g^->2AM,y^">2/PiA 2 2 

X3¥'2^ ^2-2„.-2np2/p2^0 '^'^ 

where the sum converges absolutely. 

Remark 6.11. (i) The 2V'i-function inside the sum in Theorem |6.10| (i) is essentially the 
little g-Jacobi function /i(/i(A); g^"^™"^", g^~"pi/p2; — y^ly^), see ( |B.28| ), and the summations 
formula remains valid if /i(A) is a discrete mass point of the corresponding orthogonality 
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measure u, see Appendix [B.5| . In Theorem |6.10| (ii) the 3(y92-series is essentially an Al-Salam- 



Chihara polynomial, and the same remark applies using the orthogonality measure described 
in Appendix B.4 . Note that the 3y92-series can be transformed to a 2V'i-series by ( |B.6|) . 



(ii) If we multiply the formula (i) by //'(/i(A); g^"^™""^", g^~"'Pi/p2; — Q'^l'?^) and we use the 
orthogonality relations, see Appendix |B.5| , it follows that the above identity is equivalent to 
an integral identity of the form J 2fi 2fi 2fi c/z/ = \E' \E'. The integral can be written as an 
integral over [—1, 1] plus an infinite sum. The same remark applies for (ii) but this time using 



the orthogonality relations, see Appendix [B.4| , for the Al-Salam-Chihara polynomials. 



(iii) Note that we can view the \E'-functions as g-analogues of the Bessel function, cf. the 
discussion in Section ^TT], and since we can do the same for the 2V^i-series involved in (i) we 
may also consider Theorem |6.10| (i) as an identity for g-Bessel functions. 



The following result follows from the structure constants formula of Proposition [4.10| . Note 



that Theorem |6.5| also follows from Proposition |4.10| , but now we use again the fact that we 



can realize Q{pi-,P2-,f^) as multiplication operators by a 2V5i-series up to a sign-change in the 
argument. 

Theorem 6.12. Let A G T, pi , P2 , ''"i , ''"2 ^ Iq, n,m G Z, and assume that \^\ = and 
1^1 = g". Then 

sgn(ri)5(i-«s'^(Pi))sgn(r2)^(^-'*5''(^^))+"r™p^|rir2|z/(ri)z/(r2)z/(pi)z/(p2) 
X (g^ -sgn(ri)ri, -sgn(r2)r2, -sgn(r2)gV^2> -sgn(p2)gVP2; ?^)oo 

(-sgn(ripi)g""'"""V'^5 -sgn(ripi)g^+™+"A, -sgn(rir2)Ag^""/pip2; g^)oo 



X 



X ■ 



-sgn(rir2PiP2)g™+"~V'^7 -sgn(rir2PiP2)g^"™""A, -sgn(rir2)pi|p2|g"" V^j ! Q'^)c 
(-sgn(rir2)piP2g"~ V -Ag^"™'/rir2, -rir2g'^~ V -^S q'^)oo 



;^-sgn(rir2)Ag3+"-/pi|p2|, -^^1^2!? ™ ^ / X, -Xq'^'^^ /ri\r2\; q'^) 

/ N 2+2n 2N /sgn(rir2)p2g^+"MA,sgn(rir2)p2g^+''A/pi 3 r ^<l^\ 

x(sgn(p,p2)g ; g )^ 2^1 ^ sgn(p,p2)g^-- ' ' ' "'^"^^^^^ j 

x(sgn(nr2),--;,%2^, ;r2,--/nA, r2,--A/n ^ ^2^ 

\ sgn(rir2jg 

= Yl a;^+"|a:i|V(a;i)V(xipi/ri)z/(x2P2/r2)(sgn(r2P2)g~""~'")'^^"^^ 

x{-sgn{ripi)xl, -sgn{r2P2)xl, -sgn(r2P2)gV ^1^ sgn(rir2PiP2)g^^^™"^^"; q 
' sgn{rir2PiP2)q^'^"^'^"' / X,sgn{rir2PiP2)q^'^"^^"'X 2 ^ -^'f 

sgn{rir2PiP2)q'^~^'^"^~^'^'^ ' ' xf 

I -sgn(pi)gVPi 2 / ^Q^rjX f -sgn{p2)q'^/pl 2 , ^(fr2 



sgn{ripi)q'^rl/pl ' ' xf J \sgn{r2P2)q'^r2/p~ 



X 1 



where the sum converges absolutely. Here A G Iq x Ig is given by 

A = |(xi,X2) e IgX Ig \ sgn(a;i) = sgn(piri), sgn(x2) = sgn(p2r2), |a;i| = |x2||. 



From Theorem 6.12 we obtain another positivity result. 
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Corollary 6.13. Let pi,p2 € Iq and A G T, then 

'q/X,qX ^ 2 q^ 



u{x) {-X ;g )oo2V5i I 2 



6.4. Biorthogonality relations for 2V'i"functions. We have explicit expressions for the 
matrix elements of the principal series corepresentations Wp^x, p E q^, x = /i(A) G [—1,1], 
in terms of 2 V'l -functions. Unitarity of Wp^^ leads to orthogonality relations for the matrix 
elements. By analytic continuation these orthogonality relations remain valid for other values 
of A. 

Let m G Z and A G C \ {0}, and define s( ■ , ■ ; A, m) : Jg x ^ C by 
s{pi,P2;X,m) =P2^^'*"-'^"'z/(piP2g'""*"^)biP2| '^{pi)^{P2)cW{-k{pi), -k{p2); q^)c 



X 



(g^ -gV/t(p2), -Xq^"^ / n{pi)p% -ft:(pi)p^g""VA, sgn(pi)g^-'"/p^A; q^) 
(sgn(p2)p?g^+™/A, -sgn(piP2)g~'"^V-^5 -sgn(piP2)Ag™+3; g^)^ 



/ N 2+2m 2n /sgn(pi)p2gl+™A,Sgn(pi)p2gl+™/A 2/ / N 

x(K(piP2)g+ ■.q)^2Viy ^(p^p^)^2+2™ ;g,-g/'«(P2) 

for pi,p2 £ -^g- From this expression it is not clear that the function is defined for all values 
of P2 G Iq, but an application of Jackson's transformation formula []T^, (111.4)] shows how to 
extend to all values of P2 & Iq- 

Theorem 6.14. The following biorthogonality relations hold: 

^ s(pi,p2; A,m)s(pi,P2; A"\m) = dp^^p'^, 

^ s{puP2;X,m)s{p[,p2;X'^,m) = ^p^y^. 

Remark 6.15. The two biorthogonality relations Theorem |6.14| are actually equivalent. Also, 
for A G T the biorthogonality relations are orthogonality relations. 



Proofs 

7. Extensions of the generators of Uq{su{l, 1)) 

7.1. Decomposition of the GNS-space. The operators Ko and Eq, and therefore also Qq, 
are defined on the dense subspace /Co of the Hilbert space /C of the GNS-construction for the 
left-invariant weight ip. In order to obtain the right closures of the operators Kq, Eq, Qq we 
first give a convenient decomposition of /Co- 

Let p & q'^, m E Z and e, r/ G { — , +}, and define 

J{p, m,e,ri) = {z E Iq \ erj q^pz G Iq and sgn(z) = e}, 

}Co{p,m,e,r]) = span{ f-m,svq"'pz,z \ z e J{p,m,e,r])}. 
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We denote by IC{p,m,e,ri) the closure of }Co{p,m,e,ri) inside /C. Then /C(p, m, e, r/) = 
^"^{JiPi^^^^V))^ we consider v G IC{p,m,e,ri) as a function v. J{p,m,e,ri) ^ C by 
setting 

V{z) = {V, f-m,evq"'pz,z), Z G J{p, TTl, E , T]) . (7.2) 

By convention, for z G \ J(p, m, e, rj) we set v{z) = 0. Note that J{p, m, e, rj) = 1^ = 
ii e = 7] = +. If £ = — or ?7 = — , then J{p,m,e,ri) is a bounded g-halfline with as only 
accumulation point. In this case J{p,m,e,ri) is of the form eC{p,m)(f^ for some constant 
C{p,m) G depending on p and m. Explicitly, 



C(p, m) 



1, if (e = — , ?7 = +) or (e = — , ?7 = — and q^p < 1), 

q-i^p-'^ if (e = +, ?7 = — ) or (e = — , ?7 = — and g™p > 1). 



In particular, the sign of the bounded g-halfline is determined by e. Note that for the modular 
conjugation J we have 

We have an algebraic direct sum decomposition 



^0 = ® ICoiP,m,e,ri). 



peq^,meZ 



By Definition ^]T| and ( ^.6| ) the actions of Kq, Eq and i?Q on the basis elements of /Co(p, m, e, rj) 
are given explicitly by 



■ ,£,riq"^pz,zi 

1 



-^of—rn,e,r]q"^pz,z Q \fvi —va^e 

{q - q'^) EQf_m,e,m"'pz,z = £q"'{pq)^V 1 + ez^q-^ f~m~i,em'^+^p{z/q),z/q (7.4) 

(g - g~^) Elf^rn,e,vq'^pz,z = Sq"" {p / q)^ \/ 1 + e^;^ f-m+l,em'"-^p{zq),zq (7.5) 

- m~'^{pl + rjq^'^-^p^z^ f-m+i,em"'~^pz,z, 

so that 

^0 = g^^VpM: }Co{p,m,e,ri) /Co(p, m, e, 77), 

Eq: }Co{p,Tn,€,r]) }Coip,m + l,e,r]), 

eI: }Coip,m,e,r]) /Co(p, e, 77), 

fio : ^o(p, e, 77) /Co(p, m, e, 77). 
For the action of Qq on the basis elements, see ( |4.^ ). 
Proof of Proposition \4-^- We need to show that the relations 



(7.6) 



KoEo = qEoKo, E^Eo - " ^° ' 



g - q-^ 
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are valid when acting on the basis elements fmpt of /Co- The first relation follows immediately 



from ( |7.6| ). Using ( [4 .51 ) and ([4.6[), we obtain 

{q-q-'f{ElEo-ElEo)Upt 



t 
P 



iq-q~^] 



{qil + f^iq-H))-q-\l + K{t)))]fmpt 

fmpt} 



l-l 



l-l 



and then Definition [4.1| proves the second relation. 

In order to prove the linear independence of the operators KqEq{E'1)\ n E Z, k,l E Nq, we 
assume that the sum 

J2 CnUiK-E'oiEly 



nez, 



with only finitely many non-zero coefficients Cnkh equals zero as operator on /Cq. By (|7.6| ) we 
have 



So for fixed r G Z, the sum Y.k-i=r '^n,k,i{q'^^''P^) ^oi^oY- ^o(p,"^,^,^) ^ K,o{p,rn + r,e,ri) 
equals zero. We fix such an r and we take e = + = rj. From (|7.4| ) and (|7.5|) we see that 



E 



k—T 



^mpz 



-k^'s 



f- 



for certain coefficients a"^^^. Let be 



the maximum of the /c's such that Cn,k,k-r 7^ 0, then it follows that 



\ neZ 



m—r,q"^+^'pzq ^0 ,zq '^O 



fc,«eNo,A;-«=r 



Cn,ko,ko-r {q"^~^^P^) (E^° [E'IY^ ^ f-m,q^pz,z, f. 



q^pz,z, J-m-r,q^+''pzq-''0 ,zq-'^0 



) can be explicitly calcu- 
lated from (|7j) and ([7^ ) as the product of {{eI)^"''' f-m,q^pz,z, f-m+ko-r,q"^-''o+-pzq,z) and 



The coefficient aJ^l^ 



.m+ko-r,q"^~''o+'-pzq,z^ f -m-r,q^+^pzq-''o ,zq-''o) ■ These matrix Coefficients are non-zero for all 
p, m, z and can be calculated explicitly in terms of g-shifted factorials. This leaves us with 
the identity Ylnei'^'^MM-riq^^'^P^^ = for all m and p, from which we conclude that the 
coefficients Cn^koM-r are zero. 

After these considerations we can start considering the closures of Eq and Kq. From 
the results in Appendix |A.2| it follows that the closure of Kq is given by the direct sum 
of q""^ Id I 



1^ , see also (17.191). 

Let us now consider the closure of Eq. Since 

{Eqv,w) = {v,eIw) 



Vf , w G /Co 



(7.7) 
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we see that /Cq ^ D{Eq), so that Eq is densely defined. This means that Eq is closable, and 
its closure is E = {E^)*, and similarly for E^. From ( |7.7| ) one obtains 

Eo C {Ely ^ EC (4)*, and ^ C E*. (7.8) 

Moreover, putting -E^'J^ = -^|yc(pmer?) from the explicit action ( |7.4| ) of E'o on the basis 

elements of /Co that the closure of -Eo|K:o(p,m,£,»?) gives E^'J^: IC{p,m,e,ri) IC{p,m + l,e,ri). 
It follows that 

^=0 e;:1, (7.9) 

e,ri&{-,+} 

and so f G D{E) if and only if Pp^^v G D^E^'J^) for all e,!] C {±}, p C q'^, m C Z, where 
Pp'^ e -S(^) is the orthogonal projection onto /C(p, m, e, r/), see Appendix |A.2| . The operator 
E*, and the closures of E^ and (Eq)* have similar decompositions. 

Examining coefficients in (|7.4|), we see that extends to a bounded operator 

Ep,rn- ^{p^^^^jV) ~^ }C{p,m + l,e,ri) unless e = + = rj. Similarly, from (|7.5|) it follows 
that -^d|;(^g(mp£ ^) extends to a bounded operator )C{p,m,e,ri) — > /C(p, m — l,e,ri) unless 
e = + = T], and this bounded operator is indeed equal to the adjoint (i?p'^_i)* : /C(p, m, e, rj) 
}C{p,m — 1,6,1]). The case e = + = ?7 is more delicate, and we study this case later on in 
Section 



7.2. The multiplicative unitary and related operators. Next we study the operators 
Q{pi,P2,n) G BiJC), defined by (|4.9| ), restricted to the subspaces lC{j),m,e,rj). The definition 
of the operators Q{pi,p2,n) involves the multiplicative unitary W G BiJC ® K). A for our 
purposes useful description of W in terms of the functions ap{-, ■) can be found in Prop. 4.5, 
4.10]; 



m2,P2,t2/ 



at^{pi,y)a.p^{z,sgn{p2t2)yzq'^^ /pi) 



(7.10) 



^ fmi+m2-x{PiP2/t2z),z,ti ® fx{piP2/t2z),sgn{p2t2)yzq"^2/pi^y 



The functions ap{-, ■) are defined in Definition O. For convenience we state the corresponding 
result for W as well, which follows directly from (|7.10|): 



m2,P2,t2/ 



E 



sgn(rp2<2)spi<?'"2 g/q 



as (sgn(rp2t2) spig™' , ^2) {Pi , P2) 



(7.11) 



^ fmi-x{sp2/t2),sgn{rp2t2)spiq"^2 ® f m2+x{sp2 / 12) ,r ,s ■ 

Lemma 7.1. Le^ p C q^ , pi,p2 C Iq, n,m C Z, anc? e, 77 G {— , +}. // q^™'p 7^ f7~"|p2/pi|, ^/^en 

QiPuP2,n){}C{p,m,e,r])) = {0}. 

If q^^p = q~"\p2/Pi\, then 

Q{pi,P2,n): IC{p,m,e,T]) K,{p,m + n,sg\i{pi)e,sgn{p2)r]), 
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\W\ 



z&J{p,m,e,ri) 



M 

\z\ 



ap^ {z, w) (e t] q'^p z, e'riq'^'p w)) f_rn',e'n'q"-' 



where f G IC{p, m, e, t]), e' = sgn{pi)e, r( = sgn(p2)^, m' = m + n. 

Recall here that f{z) = {f, f-m,erig"^pz,z) for / G }C{p,m,e,ri) using the convention ( |7.2| ). 
We prove Lemma |7.1| at the end of this subsection. First we look at a few consequences. 

By the definition of /C±, see Definition ^77\ , we have /C± = ©^g^z ^^^j. /C(p, e, 77), and 
then Lemma |7.1| implies that 



Q{Pl,P2,n): JCe /Csgn 



'gn(piP2)e5 



This proves the last statement of Proposition ^.9| assuming we know that Qipi,P2, G M. 
Recall the action (|3^) of the dual modular conjugation J, so that 

J f-m,eriq"^pz,z = V™^'^^^^^^ ^^^^\~'^)"^ f-{-m),eriq-"^pq'^"^z,z ('''•-'-2) 

and thus J: /C(p, m, e, rj) — > }C{q^"^p, — m, e, r]). Now Lemma |7]l| implies the following. 
Corollary 7.2. Let p G g^, Pi,P2 G /g, m, n G Z anc? e, G { — , +}. If p ^ (l~"\P2/Pi\, then 

JQiPi,P2,n)j{}C{p,m,e,T])) = {0}. 

U P = 'i~'^\P2/Pi\, then 

JQ{pi,P2,n)J : }C{p,m,e,r]) K.{q^"-p,m- n, sgn(pi)e, sgn(p2)^?) 

and 

jQiPi,P2,n)jf = {-irv-^^^^^^-^ J2 A 

q p „ \w\ 

w^,J{q^"-p,m—n,£',r)') 

^( 5Z ^j^{er])^^'^ap,{z,w)ap2{er]q'^pz,e'ri'q'^^^ 

z£j{p,m,e,rj) 

where f G IC{p,m,e,ri), e' = sgn(pi)e and rj' = sgn(p2)^- 

Again we postpone the proof until the end of this subsection. 

Let us state the matrix elements of Q{pi,P2,n) and J Q{pi,P2,n) J explicitly; 

w 

{Qi,Pli P2i ^) fuvwy firs) ^u—l,n^l,x{pi'v/p2w)^''')Sgn{vw)sp2q^/pi ~ ^wi^Plj ^) ^v(^P2: ^) : 
{JQ{pi,P2,n)J fuvwJlrs) = Sl-u,Jl,xip2w/piv)5r,sgnivw)sp2q-^/piSST^irY''''^Sgn{s)^^'^ (7.13) 

xsgn(t;)^('^)sgnH'^(-)(-l)'+^ - a^Pi, s) a,{p2,r), 



to which one may apply the symmetry relations (|6.2| 



The remainder of this subsection is devoted to the proofs of Lemma 7. 1 and Corollary |7.2|. 
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Proof of Lemma \7.J\ . We start by considering matrix elements of the more generally defined 
operator 

with mi, m2 G Z and pi,P2, ^1,^2 G Iq. For rii, ^2 G Z and ri, r2, Si, S2 G we have 

((^/™i.Pi,ti,/m2,P2,t2 ® Id)(Vr*) /ni,ri,.i, /«2,r2,S2> 
fmi,pi,ti ® fni,ri,sii /m,2,P2,t2 ® /n2,»"2,S2) 
^ii,t2'^ni-n2,m2-mi'^n2,x(Pi^i/«iP2)'^''2,sgn(riSi)s2P2<?"i/pi 



asi(pi, S2) a^i (P2, sgn(riSi)s2P2g"VPi 



where we used expression (|7.1CI|) for 11/*. The dependence on ti, ^2 £ Iq and mi, m2 G Z of the 
right hand side occurs only in the first two Kronecker deltas, so by (f4.9|) we have 

(^/„H.Pi.*i./".2,P2.*2 ® = Sh,tMPuP2,m2-mi). (7.14) 

We see that it suffices to restrict to the case ti = t2 = 1, ""^i = 0, m2 = n, and we switch to the 
basis elements of )C{p,m,e,rj), see Section |7]l|, i.e., we replace (ni,ri,si) by {—m,eriq"^pz, z) 
and (n2, r2, S2) by (— m', e'rj'q"^ p'z', z'), where p,p' G and e, 77, e', G {+, — }. Then we find 

{QiPly P2, f-m,e'ng^pz,z, f-m',e'ri'q"^'p'z',z') ~ 

^n,m'-m5-m',m+x{pip/p2)^e'ri'q'^'p',erip2q-"'/pi ~, ^^ziPl, Z ) aer]q'^pz{p2, P2Q "^/Pl)- 

The first two Kronecker deltas always give zero unless m' = n + m = — m — x{PiP/P2), or 
equivalently g^'^p = q~"'\p2/Pi\, which is the first statement of Lemma Assuming that this 
condition is valid we see the third Kronecker delta becomes 5£',,'p',e,,sgn(pip2)p- Since p,p' G q^, 
we find that we need p = p' and e'l]' = sgn{pip2)er]. Assuming these conditions and using the 
last symmetry of (|6.2[) we find that 



{Q{Pl^P2, n')f^m,eriq"^pz,z, f -m' ,e'ri' q"^' p' z' ,z') ~ 
i^.l)^+n^^,^yiz')^^yip)+rn+n^m ^^^^^^ 

q^p\zz'\ 

Now the product of the functions is zero unless e' = sgn(pi)5 and rj' = sgn(p2)^?, see 
Definition So in case = q~"\p2/pi\ we find Q{pi,p2,n) : ]C{p,m,e,ri) /C(p, m + 
n, £sgn(pi), ?7sgn(p2)) and with m' = m + n, e' = esgn{pi), r( = risgn{p2) we find 



QiPl,P2,n) f.m,erjq-,.,. = (-I)'"' (V)^^^^^"^' ^ ^ 

gmp |2;| 



X 



E 



^ ap, {z, z) (er/ g> z, e'ri' q'^'p z) /_^,_ 



(7.15) 



e'r\' q"^ p z',z' " 



z' {p,m' ,e' ,ri') 



This gives the required expression leading to the last statement of Lemma ^[T] after taking 
into account q^'^p = q~"'\p2/pi\- CD 
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Proof of Corollary \1.2^ . The first statements are immediate from Lemma ^]T] and ( |7.12| ), and 
assuming tfie condition p = ^""1^2/^11 we get, witli e' = sgn(pi)£: and rj' = sgn(p2)^?, 



q'^p \z\ 

\ ^ ^ ( f\ ( m II m-\-n i\ c 



z'€:J{q^"p,m—n,£',r)') 

using (|7.12|) , (|7.15|) and J{q'^"^p,n — m,e',ri') = J{q'^"-p,m — n,e',ri'). Tliis implies tlie last 
statement of Corollary W^. □ 



7.3. A basis for the dual von Neumann algebra. In this subsection we give a proof of 
Proposition f4.9| and Corollary |4.11| . For this we use the description of M as in (|2.3| ). 



Lemma 7.3. The operators Q{pi,P2,n) , pi,p2 & Iq, n E Z, are in M, and the linear span of 
the operators Q{pi,P2,'n) , Pi,P2 ^ Iq, ^ Z, is strong-* dense in M. Moreover, for x G M 
there exists a net in this linear span such that Xi ^ x in the strong *-topology with 

WxiW < 11x11. 



Lemma [0| proves Proposition [4. 9| except for the last statement, which was proved in Section 



7^ after Lemma [7.1| . By the general Tomita-Takesaki theory, see 0, Vol. II], cf. we 



have that the commutant satisfies M' = J M J, and so Corollary |4.11| follows. 
Proof. By (|2.3|) and Theorem P]l we have to consider 



K....../™..... ® W)(iy) = ® Id)((J® J) W* (J® J)) 

= J{uJfr jr ^ld)(W*)j 

= sgnip^r^^^^sgnip2r^P-hgnit,r^'^hgnit2r^^^^ 

using (p^), = Id, (J/, Jg) = {g, /), J being antilinear, and (p.6[). It follows from the proof 
of Lemma |7.1| , in particular from ( |7. 14| ) , that we can restrict to the case ^1=^2 = 1, mi = 0, 
m2 = —n. By ( |2.3| ) and = Id we see that, up to a sign, Q{pi,p2, n) equals J {u ® Id)(H^) J 
for oj G B{1C)^. Recall from ( p.4| ) that the unitary antipode R for the dual quantum group 
is given by R{x) = Jx*J, so that for a; G M we have J x J = R{x*) G M. Now we see that 
Q{pi,P2,n) G M. 

In order to prove the density statement, we recall that there exists a dense *-subalgebra M| 
of the predual such such that {(a; ® Id)(W^) | iv G M|} is cx-strong-* dense *-subalgebra 
of M, see PT| , p. 79]. The subspace M| consists of those normal functionals uj such that ujo S 
is again a normal functional, where uj{x) = uj{x*), and the ^-operator for uj G M| defined as 
UJ* = LJ o S. Now we apply the Kaplansky density theorem, see e.g. ||5l|. Vol I, Ch. II, Thm. 
4.8], to obtain a net {wijig/ in M| with the properties ® Id)(iy)|| < = ||x]| for all 
i E I and such that {u!i^ld)(W) x* in the strong-* topology, so that also {iDi®ld)(W*) x 
in the strong-* topology. 

Let L be the linear span of the normal functionals i^/„^,pj,t^,/„^,pj.t^ for Pi,P2,ti,t2 G Ig and 
mi,m2 G Z, then L is norm dense in M^, and uJJ^ = uOgj so L is closed under uo \^ uo. Now 



34 WOLTER GROENEVELT, ERIK KOELINK AND JOHAN KUSTERMANS 

define the index set Iq = I x N, and make this a directed (or upward filtering) set by the 
product order, i.e. [ii, ki) < (^2, ^2) whenever ii < 12 in I and ki < ^2. For j = {i, k) G Iq we 
can pick r/j G L such that \\{rij 0ld){W*) - {u;i0ld)lw*)\\ < 1/k and \\{rij 0ld)iW*)\\ < \\x\\. 
For such j G Jq set xj = {rjj ® Id)(PF*) in the linear span of the operators Q{pi,p2,n), 
Pi,P2 £ Iq, n E Z, and the net {xjjjg/,, satisfies all required properties. □ 

Corollary 7.4. With R the unitary antipode for the dual locally compact quantum group we 
have 

R{Q{pi,P2,n)) = {-lrsgn{p^Y^P'hgn{p2r'•'''^Q{p2,Pl,n), 
Q{puP2,ny = i-irsgn{p,)^^'P^hgn{p2r^P'^JQ{p2,Pi,n)J. 

Proof. Note that the statements are equivalent because Q{pi,p2,n) G M by Lemma |7]^ and 
Rx = Jx*J for X G M, see (U). 

For f,g G /C wesetT = {ujf^g^ld){W*). Then T* = {ujgj®ld){W), so that {J®J){W*){J® 
J) = W gives 

T* = J{u;j^jf^ld){W*)J 

as in the first part of the proof of Lemma |7]^. Specializing / = /o,pi,i, g = fn,p2,i gives 
T = Q{pi,p2,n), and using the action ( ^.61 ) of J on fmpt we obtain 

Q{puP2,nr =(-l)"sgn(pi)^^"^^sgn(p2)'^(^^)j(^/_„„,.„/o.„i®Id)(W-*) J 
= {-lrsgn{p^)^^P^hgn{p2r^P'^JQ{p2,Pl,n) J, 

where the last equality follows from ( |7. 14\ ) . □ 

We finish the subsection by establishing the structure constants for the operators Q{pi,p2, n) 
as a linear basis for M. First observe that as elements of B{}C) 



{iujf^g®id)iw*)) {{uj^^^(g)id){w*)) = {uj^^^0ujf^g^id)iw;3W- 



13) 



for arbitrary vectors /, g,^,ri E /C. Using the pentagonal equation W12W13W23 = W23W12 this 
can be rewritten in the compact form 

{{iUf,g0ld)iW*)){iu^,,^ld){W*)) = (cu^(^^j),H/(^^g)®Id)(Id®W^*). (7.16) 

Proof of Proposition \4-lt\ - We start with the choice / = /o,pi,i, g = /n,p2,i) ^ = /o,ri,i, V = 
fm,r2,iy SO that the left hand side of ( |7.1(i|) equals Q{pi,P2, n) Q{ri,r2, m). In order to evaluate 
the right hand side of ( [7.16|) we use (|7.1l]) , which leads to 

^ 5Z Il/i?/2|a^i(ri,pi)a^2(r2,p2) 

SO that sgn{xipi)yiri£lq so that sgn{x2P2)y2r2&Iq 

X ay^{sgn{xipi)yiri,l)ay^{sgn{x2P2)y2r2q'^A) i^-'^^) 

^ (/~x(?/iPi)iSgn{3;iPi)|/iri,l? /m-x(|/2P2),sgn(x2P2)l/2'-2g",l) 

X (iOf , , . , , ®ld){W*). 

\ Jx{yiPl),xi,yi'Jn+x{y2P2)'^2'V2 ' 
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The inner product in the summand of ( p*.!?] ) leads to '^-x(j/ipi),m-x{»/2P2)'^sgn{a;ipi)j/iri,sgn(x2P2)j/2''2q"' 
whereas, by ( [7.14| ), the last term in the summand is 5y^^y^ Q{xi, X2, n + x{P2) — x{Pi))- Com- 
bining this we see that the last two terms in the summand of (|7.17|) equal 

which is zero in case \^\ 7^ independent of Xi, yi, X2, 1/2 • 
Assuming | — | = g*" and inserting this into ( [7.17] ) leads to 



X] ('^i' -Pi) ^^2 ir2,P2) Q{xi,X2, n + m) 

Xl,X2eIq 



X 



E 



Vi ayi(sgn(xipi)2/iri, 1) ay,(sgn(a;2P2)2/2r2g", 1^ 



(7.18) 



yi&Iq so that 
sgn(xipi)j/iri=sgn(a:2P2)?;i'"2g"e/9 



where empty sums are zero. For the expression in ( |7. 18| ) to be non-zero result we re- 
quire sgn(a;i) = sgn(ripi) and sgn(a;2) = sgn(r2P2), see Definition Then we see that 
sgn{xipi)yiri = yi\ri\ and sgn(x2P2)l/i'^2g" 
| — I = g". In this case the inner sum equals 



yi|r2|g", and so the inner sum is zero unless 



yidlq so that 

i/i|n|e/g 



yidlq so that 

yikile/q 



where the first equality follows from the symmetry relations (|6.2| ), and the second equality is 
a special case of Proposition ^]3| (with p = 1 and = \ri\). 



Collecting the results finishes the proof of Proposition [4.10 



□ 



7.4. AfRIiation of K and E to M. The purpose of this subsection is to prove Proposition 
[4.4| . First we focus on the operator K. 

By Definition ^]3] K is the closure of {Kq, JCq), with Kq given by Definition ^A\ . Since Kq 
acts diagonally on basis elements fmpt, "n^ G Z, p, t G /g, we find from Definition [4.1| 

P 



D{K) 



mSZ,p,tS/q 



E 

m^7j,p,t^Iq 



(^mpt I Q 



t 



< 00 



K 



m&1,,p,t&Iq 



fn 



(7.19) 



Cmpt fmpt- 



^ E 

mez,p,te7g 

It is now straightforward from ( [7. 19|) to check that K is an injective positive self-adjoint oper- 
ator, establishing the first statement of Proposition |4.4| . We now prove the second statement 
for the operator K. 

Proposition 7.5. K is affiliated to M . 

Proof. Note that K restricted to /Co(P; ^) ^7) acts as g^y^Id by Definition ^3] and ( [7.1|) . It 
follows that ]C{p,m,e,ri) C D{K). So JQ{pi,P2, n) J fmpt ^ D{K) by Corollary |7j^ and 

K[J Qipi,P2,n)J fmpt) = J QiPl,P2,n)J K fmpt 
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since the action of K on }C{p,m,e,ri) is the same as on /C(g^"p, m — n, sgn{pi)e, sgn(p2)^?) in 
case p = q~^\p2/Pi\- In case this is not true, both sides equal zero. 

Since /Co is a core for K, we can take for / G D{K) a sequence /Co 3 ft ^ f and Kfi — >• 
g = Kf. Then J Q{pi,P2,n)J fi^J Q{pi,p2,n)J f by continuity, and KJ Q{pi,P2,n)J fi = 
J Q{pi,P2,n)J K fi — > J Q{pi,p2,n)J g. Since K is closed, we conclude J Q{pi,P2,n)J f G 
D{K) and K J Q{pi,p2,n)J f = J Q{pi,p2,n)J K f . This means 

J Q{pi,P2,n)J K C K J Q{pi,p2,n) J, 



so K commutes with the generators of M', see Appendix [A.3 



To see that K commutes with an arbitrary element T G M', pick Tj from the linear span 
of J Q{pi,p2,n) J such that Ti T strongly, see Corollary |4.11| . Take any / G D{K), so 
that Tif -> T/ and since Tif G /^(fC) (by TiK C fCT,) we have KTif = TiKf TKf 
by the strong convergence. Again by the closedness of K we conclude that Tf G D{K) and 
KT f = TKf, or TK C /CT. Since T G M' is arbitrary, K is affiliated to M, see Appendix 
lOI. □ 



In order to show that E is affiliated to M we need to work more carefully. We start with a 
useful property of the operator Eq. 

Lemma 7.6. Let pi,P2 G Iq and n G Z. Then 

{JQ{pi,P2,n)Jv,Elw) = {J Q{pi,p2,n)JEov,w), Wv,w G /Cq. 

We relegate the proof of Lemma [7.6| to Appendix |D.1| , since it is a tedious check. 
By Lemma |7.(i| we have for the closure E of Eq the equality 

( J Q{pi,P2,n)Jv,Elw) = { J Q{pi,p2,n)JEv,w) 

for v,w E /Cq. Now fix t> = f-m,eriq'^pz,z ^ )^o{p,^,£,v) s-nd put u = J Q{pi,p2,n)Jv. It 
follows that u G D[{eI)*) and 

= J Q{pi,P2,n)JE f_.m,eriq"'pz,z- (7.20) 

This equality can be extended in the following way. 

Lemma 7.7. Let u = J Q{pi,P2,n)J f^m,eriq"'pz,z) then {{eI)*u,w) = {u,E*w) for all w G 
D{E*). 



Before proving Lemma |7.7| we show how it implies that E is affiliated to M, which finishes 
the proof of Proposition | 



Proposition 7.8. E is affiliated to M . 

Proof. Since E is the closure of Eq, it follows from Lemma [7!^ that u G D{E**) = D{E), and 



E JQ{pi,p2,n)J f-m,eriq"^pz,z = Eu= (^(l)*u = J Q{pi,p2,n)JE f_ 



m,£'qq"'pz,z 



by (17.201 ). This shows that EJQ{pi,p2,n)J = J Q{pi,p2,n)JE on /Co. Now the proof is 
finished as in the last stage of Proposition ^]5| using the closedness of E, /Co being a core for 
E, and the strong-* denseness of the operators J Q{pi,P2,n)J in M' by Corollary |4.11| . □ 
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Before we turn to the proof of Lemma |7.7| , recall the decomposition (|7.9| ) of E into operators 
^p,m- ^(P)"^)^)'?) ~^ }C{p,m + l,e,ri). The operators -E^'^ are bounded, unless € = + = !]. 
We study the case e = + = r] hj considering truncated inner products. Define for x G a 
truncated inner product by 

{v,w)x = ^ v{z)w{z), v,w e JC{p,m,+,+). (7-21) 

ze J(p,m,+,+) 
z<x 

For X oo this gives back the inner product on /C(p, n, +,+). Let us remark that all 
coefficients in (|7^) and ( [7 .51 ) remain bounded for 2 — 0, 2 G g^, so we do not need to consider 
a truncated inner product of the form ( |7.21| ) with the terms z < y cut off, for some y & q'^, 
y < X. 

Lemma 7.9. Let w G D{E*) f] IC{p, m, +, +), m G D{{eI)*) f] ]C{p, m - 1, +, +), then, with 
X G q , 

{{El^) u,w}^ - {u,E w)^ = ^ _ -u[x/q)w[x) 

using the convention ( [r.2|) . 

Proof. By ( [7.4D and ( |7.5D for the case e = + = 77, using the boundedness of the coefficients as 
2 — >■ 0, 2 G g^we obtain 

(g-g-i)(((i?o^)*n,w),-(M,E*u;),) 

z(iq^,z<x ^ 



,X, 



giving the required expression. □ 

The following result will be useful when we want to take the limit x — >■ 00, x G g^, in the 
previous lemma. Recall the convention (|7.2| ). 



Lemma 7.10. (i) Let v = Q{pi,P2,n) f-m,errpq^z,z and assume q^"^p = q~"'\p2/pi\, so that 
V G /C(p, m + n, esgn(pi), ?7sgn(p2)) is non-zero. If sgn{pi)e = + = sgn(p2)'7, then there 
exists a continuous function h: M>o M such that xv{x) = h{x^^) for x & 1^ . In case 
m + n = 0, h: ]R>o ^ M difjerentiable, in particular at 0. 
(a) Let u = J Q{pi,p2,n) J f_rn,er]pq'"z,z o,nd assumc p = q^^\p2 / Pi\ , so that u ^ }C{q'^'^p,m — 
n,e,sgn{pi),risgn{p2)) is non-zero. If sgn{pi)e = + = sgn(p2)'7; then there exists a 
continuous function h: R>o — > M such that xu{x) = /i(x""^) for x E I^ . In case m — n = 
0, h: R>o — >■ M zs differentiable, in particular at 0. 
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Proof. We prove the second statement; the first statement is proved in the same way. It 
follows from Corollary ^]2| or ( [7.13| ) that u G /C(g^"p, m — n,e, +, +) and for x E I'^ 

biP2| 

q'^p\z\ 

where = er]q'^p, 9' = q^+^p. Lemma BJ. gives ap(2;,x) = as well as ap(z, x) = 

3;x(2/p)y2(x~^) for certain differentiable functions fi, f2 - IR>o ^ using the last equation of 
the symmetry relations ( |6.2|) and then Lemma |B.1| . Now we find, with C a generic non-zero 
constant not depending on x, 

xu{x) = Cx^'^'/p'^fi{x~^){e'x)^'^p^/''^f2{{eT^x-^) = Cx^'-p^/p'^ 

= cx-''^h{x-^)h{{dr'^-^) 

using \p2/dpi \ = g"^™" as follows from the assumption = \p2/pi\- This proves the statement 
in case m — n > 0, since we can take h{t) = Ct2(™~"-)/]^(t) f2{(9')~'^t) . In case n = m the 
statement on the differentiability of h follows immediately. 
Similarly, we find, for other functions /i, /2, 

xu{x) = c w^^''^'^^ fi{x-'^){e'xY^'''''''^ f2{{eT^x-^) = c x'^'^p^'''''^^ h{^^^ 
= Cx^-'^h{x-^)f2{{er^x~^) 

using \p2/0pi \ = g""™- again. This proves the statement in case m — n < 0, since we can take 

hit) = ct"^^^-^^Mt)M{0')-'t). □ 

We are now ready to prove Lemma [7.7| . 

Proof of Lemma \7. 7{ . We set p' = q'^^p, m' = m — n, e' = sgn(pi)£:, t]' = sgn{p2)r], then 
u = JQ{pi,p2, n) G }C{p',m',e','r]') by Lemma Using the decomposition of 

{Ely, cf. 

i^oT = ^ i^o\ JCo{r,l,a,f3)) ' 
a,/36{-,+} 

we find u G -D ((-Eq |/Co(p' m'+i e' v')^*^ ' similar decomposition for E* we find that w' = 

G where Pp'^ G -B(/C) is the orthogonal projection onto K,{p,m,e,r]) 

as in Section [7rT| . This gives 

In case = — or r/' = — , -Ep/'^, is bounded. Therefore (-Ep/'^/j is the unique continuous 
extension of E'nL , , , , , so (-EnL , , , , , ,J* = -El'l/ and hence the right hand side 
is zero, as required. 

It remains to consider the case e' = + = Vj . In this case we consider the truncated inner 
product. Using Lemma |7.9| we find for x E q^ = , 
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and we need to show that the right hand side tends to zero as x — > oo through /+. Since 
w' G /C(p', m' + 1, +, +) = (-"^{Iq) it follows that w'{x) — as x oo, so the required result 
follows from Lemma [7.10| which implies -u{x/q) is bounded as x ^ oo in /+. □ 



7.5. The comultiplication on M. In order to calculate the action of the comultiplication of 
the dual quantum group on the elements Q{pi,P2, n), we note that this can be done in greater 
generality. First observe 

W {{ujf^g ® ld){W*) ® ld)W* = {ujf^g ® Id ® ld){W23W^2W;s) 

= {Ujf,g ® Id ® Id) (1^1*3 1^1*2) • ^^'^^^ 

The first equality is straightforward, and the second follows from the pentagonal equation for 
the multiplicative unitary, see Section 0. Using an orthonormal basis {cfc} for the Hilbert 
space )C, so that we have {x,y) = ^j^{x,ek){ek,y) we get 



sA((cu/,3®Id)(l^*))S = Id® Id) (1^1*3 1^1*2) 

= $^Ke.®Id)(W^*) ® K„,®Id)(W^*). 



(7.23) 



using the definition of A and notation as in Theorem 



Proof of Proposition ^A^. We use the general formula ( |7.23| ) with / = /o,pi,i, g = /n,p2,i5 ^^e 



orthonormal basis fm,p,t & 1^, p,t & Ig) and next ( |7.14| ) to rewrite the right hand side in 



terms of the operators Q{pi,P2, n). The series converges in the von Neumann algebra M® M, 
so that we find convergence in the cr-weak topology. □ 



Next we prove the link between the comultiplication A of the dual quantum group M and 
the comultiplication (p.2|) A of the Hopf *-algebra ?7g(su(l, 1)) as given in Proposition [4.14 . 



Proof of Proposition \4-lA - The comultiplication for the dual locally compact quantum group 
is given by A(x) = S W{x^l)W* S, x G M, see Theorem p.3| . We use the same formula for the 
elements K and E affiliated to M, see Proposition^^. In order to prove that A{K) = K®K 
we need to show S W{K ® l)W* = K®K, 01 W{K (g) 1)1^* = J^K^KE = K®K. So 
it suffices to check that {K®l)W* = W*{K(^K). 

Now by ( [7.1U| ) and ( |7.19| ) we check this formula first by evaluating it on the orthonormal 
basis of /C (S) /C. So for arbitrary mi,m[,m2,m2 G Z, Pi,Pi,P2,P2 ^ Ig, mi,m[,m2,m2 G Iq 



^2' 
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and similarly 



X ^ti,t2 ^\prp[/p2t',\,r'2 ^rm+m[,m2+m'^ ^sgn{p[t[)q"^ip2/pi,pyt'^ 1^' (^^1 ' ^^2) ap[iP2,P2)- 



These expressions are equal by inspection using the Kronecker deltas. The linear span of 
elements fm,p,t forms a core for the operator K. So it follows that 



,pi,ti ® fm[,p[,t[), {K ® — (yV*{K ® K){fmi,pj^,ti ® fm[,p[,t[),w) 



for all w e D{K 01). Hence, W*{KoQKo) C {K 0l)W* , thus K K C W{K0l)W* using 
that iiT is self-adjoint and that the closure of Kq © Kq equals K ® K. Since both operators 
are self-adjoint, this inclusion is an equality. This proves the statement for A(i^). 

Let us now prove the more complicated second statement. Choose ti, t'^ e Iq and 

mi,ni\ G Z. Take also p2,P2,t2,t2 G Iq and m2,m2 G Z. Since Eq <Z E and Eq C E*, ( [4.6|) 
and ( |7.1CI| ) imply that 



,pi,ti fm[,p[,t\)y fm2,P2,t2 /m^,p^,t^) 



1^ 

+ ^^I'^^^bip'iMt'iU^a-l ^m^+m[-l,m2+m'^ ^sgn{p[t[)q"'i-^p2/pi,p'2/t'^ 



(7.24) 



X s; 



y Pi^-i ''2 



V PlPl ''2 
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and 



(7.25) 



V ^2 12 

X sgn(p2) W| — I + /«(g-ip2) 1 5^1 at;(pi,t2) ^'1(9^^2,^2) ■ 

V P2 ^2 

One sees immediately that the right hand side of ( [r.25| ) and agrees with the first two terms on 
the right hand side of ( [7.24| ) agree. Thus in order to prove that the left hand sides of ( [7.25| ) 
and ( [7.24|) agree it suffices to show that, under the conditions ti = t2, mi + m\ = 1712 + m'2 + 1, 
\PiP'i/P2t'i\ = ^""2-1 and sgn{p[t[)q"''^-^p2/pi = p^t'^, 

m2 + l 1 J 1 

= sgn(p2)g^~ l^2MI^ vi + 'i{q'^P2) at'^(pi,t2) (^p[{q~ ^2,^2) 



- sgn(pi) q 



m-i —m-^ — 1 



\tiP[/Pit'i 1 2 a/1 + k{pi) at'^ {qpi, Q Op/ (p2, p'2) 

I , 

•m-i — iri'^ — L 1 , 

+ sgn(ti)g 2 |tip'i/Pi^il' vl + '«(g"^^i) S-iti(Pi'^2) «Pib2,P2) 



(7.26) 



m-|^ +"1,^ — 1 

sgn(p'i) g ^ 



For this purpose we can use the g-contiguous relations 



sgn(p) Vl + fi;(p) agp(x, y) = sgn(x) ^1 + Av(g-ia;) ap(g ^x, v) - — 2/) 



and 



sgn(p) a/1 + fi;(g V) S-ip(^>2/) = sgn(x) a/1 + k(x) ap{qx,y) - ^ ap(x,?/) 



for all x,y,p & Iq which follow from Lemma |B.2| and the symmetry relations (|6.2|) . If one uses 
the first equality to replace a^p'^ (^2,^2) and the second one to replace aq-if^ (pi, ^2) one checks 
that the above equality holds. Thus, we see that ( |7.2(j| ) holds. 

The linear span of elements fm,p,t forms a core for E*. So it follows that 

{W*{U,,p,,t, ® U[,p[,tO, (E* ® l)v) = {W*{Eo QKo + K^' ^o)(/m,pi,t, ® M.pi/J, ^) 
for all V e D{E* O 1). Hence, W*{Eo & Kq + Kq^ Eo) C (E l)W*, or 

EoQKo + Kq^qEocW{e^i)w* =^ KoQEo + EoQKq^ cj:w{e®i)w*j: = A{E). 

The last statement of Proposition f4.14| is proved in the same way. □ 

8. The Casimir operator 



8.1. Definition of the Casimir operator. In this section we prove Theorem |4.6| . In order 
to show that the Casimir operator Q as defined in Definition [4.5| is well-defined, we need to 
study the commutation relation between K and E. 

Lemma 8.1. //s G M, then K^'^E = q"^^ E K^'^ . Consequently, K and E*E strongly commute. 
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Proof. By Definitions and Proposition |4^ , we find K^^ fmpt = q '^'^^^\p/t\-i^^ fmpt 

for m G Z and p,t e Ig. So the vector K^'f^pt E D{E) and K''E f^pt = q'' E K'' fmpt 
by Definition [4.1| . Since is the closure of Eo, with domain D{Eq) the finite hnear span 
of the fmpti and if*'^ is bounded, this imphes K^^E C q^"^ E K^^. Using Proposition we 
multiply this result with the bounded operator K~^'^ from the left and from the right to find 
E K~^^ C q^^ K~''^ E, and since s G M is arbitrary we have K'^^E = q"^ E K^^. 

Taking adjoints we get K^'^E* = E* K'", and consequently K''^E*E = E*E K''\ so K"-" 
commutes with all spectral projections of the self-adjoint operator E*E. In particular, K and 
E*E are resolvent commuting, hence they strongly commute, see Appendix |A.3| . □ 

Lemma leads to a proof of a part of Theorem [4 .61. 



Proposition 8.2. The Casimir operator Vt as defined in Definition [^.51 is a well-defined self- 
adjoint operator. Moreover, Vt is affiliated to M and commutes strongly with K and E*E. 



Proof. Since K and E*E are strongly commuting self-adjoint operators, see Appendix [A.3 
we see that the closure Q of 

i {{q-q-rE*E-qK'-q-'K~'). 

is a well-defined self-adjoint operator. Moreover, by Appendix |A.4| and Proposition the 
operators K'^, and E*E are affiliated to M. It follows that VL is affiliated to M and that 
commutes strongly with K and E*E. □ 

In order to show that f2 also strongly commutes with E we first need some preliminary 
results. Along the way we also prove the last statement of Theorem |4.6| . 

Recall the decomposition of the Hilbert space K, into components /C(p, m, e, Vj) with p G g^, 
m G Z and e,r] E {— , +}, and the corresponding decomposition ( [7.9|) of the operator E into 
operators E^'J}^. 

Lemma 8.3. Let p G q^, m G Z and e,r] E {—, +}. Then 
Proof. Proposition |4.2| implies that 

qivfL p q 2771 p 1 

-Soko(p,m+l,e,r?) -^0 ko(p,m,e,T?) = -^0 |/Co(p,m-l,e,r7) -S'O ko(p,m,e,??) + ^ ^Zi (8.1) 

If e = — or rj = —, the lemma follows from this equality by the continuity of the operators 
involved. 

It remains to deal with the case e = rj = -\-. From we see that the operators 

^1 = iE^,^r E^,:L and S, = + ^"'^"' id 

are both self-adjoint extensions of S := i?dlA:o(p,m+i,+,+) -Soko(p,m,+,+)- We will prove that they 
are the same by linking S" to a Jacobi operator, which is studied in Appendix |C|. 
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Set 6 = q^p. By ( [4.5| ) and (|4.6|), we get for v G /Co(P; +) and x G J^*", 

(g - g-^)2 = [ ^ (1 + g~ V) + g-(™+^) (1 + ^V) ] v{x) 

- v/(l + (1 + ^2^-2x2) w(g-ia;) - ^(1 +a;2) (1 + ^23,2) ^^^3,) 

Let {ek}k£Z be the standard orthonormal basis of ^^(Z), and let /C(Z) be the dense subspace 
consisting of finite hnear combinations of the e^'s. For A; G Z we denote = {f-,ek)p{i) 
for any / G £^(Z). We define the unitary transformation U : £^(Z) ^ }C{p,m, +, +) so that 
(Uf){q^) = fk for all / G /C(Z) and A; G Z. So f/*St/ G End(;C(Z)) is given by 

(g - q-^ f ( f/*5f//)fc = (1 + g^^^^-^)) + g-(™+i) r ^ (1 + fiq^^) ] 



- ^(l+g2{^-l)) (1 + 02^2(^-1)) _ ^(l + g2fc)(l + 02g2fc) J^^^ 

for all / G )C{7j), A; G Z. After a close inspection, one sees that 

U*SU ={q- q-^)-^ ( {q'^+^e + g^^-^^-^) Id - 2 L ) 

where L = L(g^+^l™l, 6*^^, — g^ | g^) is the Jacobi operator of Appendix p.5| , see (p.35| ). 

If m 7^ 0, then c = g2+2|™l < g4 ^j-^jch by Theorem B.15| implies that L and thus S is 
essentially self-adjoint. Therefore 5*1 = S2 in this case. 

Now assume that m = 0, so c = g^. In this case L is not essentially self-adjoint, but we can 
use Theorem UA to prove that Si and 5*2 are equal. From Proposition |7|^ or Proposition iA 
we know that E is affiliated to M, implying that E*E and EE* are also affiliated to M. This 
guarantees that 

JQ{l,p,0)JX C X JQ{l,p,0)J 
for X = E*E and X = EE*, see Appendix ^ Since /o,p,i belongs to D{E*E) and D{EE*), 
it follows that the vector w := J(5(l,p, 0) J/o,p,i belongs to D{E*E) and D{EE*). As a 
consequence, w belongs to D ( = L>(^i) and to /^(^^^i (^j^-i)*) = ^('52). 
As in the proof of Lemma [7.10| (ii) we see that Corollary |7.2| implies 

w = JQ{pi,p2,n) J = ^ -ai(l,x)ap(p,x) /o,px,a; 

xeJ(p,o,+,+) 

so that xw{x) = ai{l,x) ap{p,x) = h{x^'^). By Lemma p.l| the function h: ]R>o ^ M is 
differentiable and h{0) 7^ 0. 

So U*w belongs to D{U*SiU) and D{U*S2U) and (f/*«;)_fc = (g^)! /i(g2'=) for all A; G Z. 
Since U*SiU and WS2U are both self-adjoint extensions of the operator 

{q-q'^Y^ ( (g'"+^^ + g-"-^r^) id - 2L) . 



Theorem |C.1| now guarantees that U*SiU = WS2U and we are done. □ 

Using Lemma ^.3| we can describe the relation between E* and E^, and we can give a 
characterization of the operator E. 

Proposition 8.4. (i) E* is the closure of Eq. 
(a) E is the unique closed, linear operator in /C so that Eq (1 E and Eq (IE*. 
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Proof. To prove the first statement, choose p G g , m E Z, and e,ri E {— , +}. By Lemma |0 
there exists a constant c G M such that 

(E^iir e;:i = e;%_, {Eii_,y + dd. (8.2) 

Thus, D{{Epi)*E'p'l) = D{El'l^_^{El'l^^^)*) and since these sets form a core for E^'l^ 
and {E;'l_,r respectively, (U) imphes that D{El^l) = D{{E;'1^,Y) and = 
f P + c\\v\\^ for all V E D{Ep'^^. Because )Co{p,m,e,r]) is a core for -Ep'^, this 
in turn guarantees that /Co(p, m, e, 77) is a core for (.Ep'^.^)*. In other words, (E'p'^.i)* is the 

closure of El\,Co{p,m,e,v)- Thus, 



£,)?£{-,+} e,r7e{-,+} 
= ( X] El\lCoip,m,e,ri)^ = E^ 



o\K.o{p,m,e,ri) 



peq'^,meZ 

For the second statement, we take a closed linear operator F in /C such that Eq C F and 
eI C F*. Since, by definition, E is the closure of Eq and F is a closed extension of Eq, we 
must have that E <Z F. By part (i) we know that E* is the closure of Eq. Since F* is a closed 
extension of Eq, this implies that E* C F* and by taking the adjoint of this inclusion, we see 
that F C F. Thus, F = F. □ 

We define, for p E q^, m E I1, e,ri E {— , +}, self-adjoint operators in /C(p, m, e, rj) by 

^;''m = l{(9- q-'nE;%rE;% - + g-'"^-V')id). (8.3) 

Now we have the following decomposition of the Casimir operator; 

^=0 ^p'm. (8.4) 
e,r)&{-M 



see Appendix . 

Lemma 8.5. Let p E g^, m E 7^,6,7] E {—, +}. 

(i) If (e = — or T] = —) or (e = T] = + andm ^ 0), then is the closure of the essentially 
self-adjoint operator fioko(p,m,£,r?)- 

(ii) ^^fi is a self-adjoint extension o/ fioko(p,o,+,+)- 

Let us remark that ^p'o' is not the closure of fioko(p,o,+,+)- 

Proof. Take p E q'^, m E 1^ and s,r] E {—, +}. If e = — or 77 = — , then ( [4 .81) and ( [r.l|) imply 
that ^o\Ko{p,m,£,ri) is bounded, hence essentially self-adjoint, and f2p'_^ must be the closure of 

^o|/Co(p,»Ti,e,r;)- 

Now assume that e = rj = + and set 6 = q^p. As in the second half of the proof of Lemma 
P73| , one sees that ^Q\K.o(p,m,e,r)) is unitarily equivalent to — L, where L = L{c,d,z \ q) is the 
Jacobi operator of Appendix in base q^ and with parameters c = d = and 
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r = —q^. If m 7^ 0, this implies, see Prop. 4.5.3] and Appendix |C|, that f^oko(p,m,£,r?) is 
essentially self-adjoint and fi^'^ must be the closure of ^^oko{p,m,£,»?)- 

If m = the reasoning of the last part of the proof of Proposition 8^ shows, since f2 is 
affiliated to M, that r2^Q must be unitarily equivalent to the self-adjoint extension of — Lg 



described in Theorem C.l. □ 



The proof of Lemma |8]^ and the last statement of Theorem |C.1| lead to the following result, 
which will be useful later on and for this reason it is stated separately. Again we use the 
convention (TT! 



Lemma 8.6. Consider p G g^, m & Z, e,ri & +} and v G D{Qq) fl /C(p, m, e, t]) . Assume 
moreover that if m = and e = rj = +, there exists a function h : M>o ffi that is 
differentiate at and satisfies v{x) = h{x~'^) for all x G /g*". Then v belongs to D{Q) and 



We are now ready to prove the last statement of Theorem 



Proposition 8.7. The Casimir operator Q is the unique self-adjoint extension of Qq that is 
affiliated to M . 

Proof. Choose a self-adjoint operator C in /C so that C is affiliated to M and Qq ^ C. We 
have to show that C = Q. 

We divide Qq into two parts. For this purpose define 

L = I (p, m, e, r/) I p G q^, m G Z, e,r] e {-, +} 

s.t. {e = — or rj = —) or {e = rj = + and m ^ 0)|. 

Now set 

^0 "* ~ ^oko(p,m,e,77) and ■* = fioko(p,o,+,+) 

{p,m,e,ri)<^L p&q^ 

and define respective self-adjoint extensions 

^''^= © ^'p'm and ni^) = ^Q;^. 

{p,m,e,ri)£L p€g^ 

By Lemma |8.5| we know that Q^^^ is essentially self-adjoint with closure Since 
Ker(n* ±ild) = Ker((fi(^) © i^o^T) ± « W) 

= Ker((f](i) ± z Id) © ((l^f )* ± i Id)) 
= {0}®KeT{{dQ^y ±tld) , 



the theory of self-adjoint extensions via the deficiency spaces, see [0, §XII.4], implies the 
existence of a self-adjoint extension D of Q^q^ so that C = fi*-^^ © D. 

We have seen in Proposition |7.5| that K is affiliated to M implying that JKJ is affil- 
iated to M'. By Definitions [4.1| , [4.3| and ( |3.6D , we know that Kq is a core for JKJ and 
JKJf_rn,er,q^pt,t = ^/p f -m,er, q^pt,t for all p E q^ , m E Z and e,r7 G {-,+}. Thus, for each 
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p G q^, the orthogonal projection Pp of /C onto ®„ieZe rie{- +} ^{P^'^^^^v) belongs to M', 
since it is the spectral projection of JKJ with respect to the eigenvalue ^Jp. Because C is 
affiliated to M, the operator C commutes with each projection Pp. As a consequence, there 
exists for every p E a. self-adjoint extension Dp of fioko(p,o,+,+) so that D = 0pgqz Dp. As 

in the proof of Lemma p.5| , the fact that C is affiliated to M implies for every p E q'^ that 
Dp is unitarily equivalent to the self-adjoint extension described in Theorem |C.1| and hence, 



Dp = flp^Q. Thus, we conclude that Q = C. □ 



To finish the proof of Theorem [4.6| we need to prove the following result. 
Proposition 8.8. The operators E and Q strongly commute. 



Before embarking on the proof of Proposition ^.S] , we first collect all the elements for the 
proof of Theorem 



Proof of Theorem By Proposition |8.2| the Casimir operator is a well-defined self-adjoint 



operator affiliated to M, and by Proposition |8.7| the Casimir operator is the unique self-adjoint 



extension of Qq affiliated to M. By Proposition 8.2 the Casimir operator commutes strongly 



with K, and by Proposition ^.8| it also commutes strongly with E. □ 
Proof of Proposition \8. 8{. By Proposition the Casimir operator Q is self-adjoint, and we 



have to prove that 

EniB) E C E EniB) 

for all Borel sets i? C M, where Eq is the spectral decomposition of Q, see Appendix [A. 3 
Using the decompositions (|7.9|) , (p.3|) , (^.4|) and Lemma it suffices to show 



1.5) 



for p E q , m E e,ri E {—,+}• Then, by ( |8.3| ) and Lemma we get — being careful 
regarding the domains involved — 

2 ^'pU, E;:1 = [iq- q-r {El'l^.TKl^, - {q'-^^'p + q-'-~'p-') Id] E;% 
= [{q- q-'f E;:^ {El%r + {q- q-') {q'-^'p - g"^- V^) M 

= [{q- q-'f El'l {El^:ir - {q'-^+'p + q-'-~'p-') Id] E^^ 
= E'p:!^ [ {q - q-'f {E^E^;}^ - {q'^^^'p + q-'^-'p-') Id] 

p,m p,m' 

Take the polar decomposition E^'^"!^ = Upjli \Ep'JT^\. Since 

\E;:1\ = {{E^iiyE^i^y : IC{p,m,e,ri) ^ IC{p,m,e,ii), 

UpJL - X^iP,^,^,v) IC{p,m + 1, £,//), 

( p. 3D implies that \Ep''^\ and fi^'J^ strongly commute. Choose v G So G 

Dini% \E;:1\) n D{\eI'^^J n^^^J by (H), implying that v) = lE^^^Jin^'Jl^v). Since 
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V e D{E;^^n;^;j,), (iJ) implies that U;;l{\E;:l\v) e D{^f^l^,) and 

p,m+l p,mVl p,ml / p;m \ p,m\ p,m p,m p,m \ \ p,m\ J ' 

If w G KeT\Ep^l!^\, then by Q f^^;;^,^ = -(g^^+ip + ^-2^-1^-1^ ^j^^g U^'^^n^'^^w = = 

Now Ker|E^;;5,| + [lm\E;'^l\ n ] is a core for {E;'X)*E;% and thus for l^^;;^, 

as follows by using the spectral decomposition of Consequently the above results 

and the closedness of imply that ^ j^pl^+lU;';^,■ Now \E\ = ®\E;';il 

and U = ^Up'm give the polar decomposition E = U\E\, see Appendix |A.2| , and we get 

UQ C QU, hence U Eq{B) = Eq{B) U for any Borel set i? C M by the spectral theorem. 
It follows that E and Q strongly commute. □ 

8.2. Graded commutation relations for the Casimir operator. This subsection is de- 
voted to the proof of Proposition [4.8|. The first statement of this proposition is an immediate 



consequence of Proposition [4.9| , which we already proved in Section |7]^. Recall the subspaces 
M+,M_ C M defined in Definition |4.7| . Note that Proposition [4.9| implies that M± is the 
strong-* closure of 

Spa.n{Q{pi,p2,n) \ pi,p2 e /g, n e Z so that sgn(piP2) = ±} (8.6) 

Next we investigate the graded commutation relations of the Casimir operator Q with the 
elements Q{pi,P2,'n) generating the von Neumann algebra M, see Lemma |7.3| , as stated in 
Proposition |4.8| . The hard computations are contained in the following lemma, whose proof 
is postponed to Appendix |D.2| . 

Lemma 8.9. For u,v E /Co, Pi,P2 ^ Iq and n E Z, we have 

{Q{pi,P2,n)u,nov) = sgn(pip2) {Q{Pi,P2,n) noU,v). 

Lemma 8.10. Let x G M+ and y G M_, then xVLq C Vtx and i/Qq C —fly. 

Proof. Consider Pi,P2,P,t G Iq, n,m & Z. From Lemma it follows that the vector v = 
QiPi,P2, n) fm,p,t belongs to /^(^q) and 

n*QV = sgn{piP2)Q{pi,P2,n)nofm,p,f 



By Lemma |7[5 the vector v G /C(p, m + n, esgn(pi), ?7sgn(p2)), and if m + n = 0, esgn(pi) = -|-, 
?7sgn(p2) = +, there exists by Lemma |7.10| a function h : R>o — >■ C that is differentiable in 
and satisfies v{x) = x~^ h{x~'^) for all x G I^. From Lemma ^]6| we now conclude that 
V G D{Q) and that Qv = QqV, hence 

sgn{piP2)Q{pi,P2,n)no C nQ{pi,p2,n). 
Now for X G M+ and y G M_ the lemma follows from the closedness of Q and ( p.6|) □ 



We need to improve the commutation relations from Lemma ^.10| to come to the second 
statement of Proposition [4.8|. To do this we need the following lemma. 
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Lemma 8.11. Consider a Hilhert space H, a self-adjoint operator A in H and a partial 
isometry U on H for which the final projection UU* commutes with A. Then U*AU is self- 
adjoint. 

Proof. First we show that U*AU is densely defined. Set P = U*U and Q = UU*. Since 
QA C AQ, we have that U{U*D{A)) = QD{A) C D{A) implying that U*D{A) C D{U*AU). 
Clearly, (1 - P)H C D{U*AU) thus U*D{A) + (1 - P)H C D{U*AU) from which it follows 
that U*AU is densely defined. 

Next we need to verify the self-adjointness. Let v,w & D{U*AU), then, since A is self- 
adjoint, 

{U*AUv,w) = {AUv,Uw) = {Uv,AUw) = {v,U*AUw) . 

Thus, U*AU is symmetric. To prove that U*AU is self-adjoint, choose v G D{{U*AU)*). If 
w E D{A), then Qw G D{A) and A{Qw) = Q{Aw). Thus, 

{Uv, Aw) = {v, U*Aw) = {v, U*QAw) = {v, U*AQw) 

= {v,{U*AU)U*w) = {{U*AUyv,U*w) = {U [U* AUfv^w) . 

This implies Uv G D{A*) = D{A), so that v G D{U*AU). From this we conclude that 
{U*AUy = U*AU. □ 

We are now in a position to prove the graded commutation relations of the Casimir. 
Proposition 8.12. Let x G and y G M_, then xVt d Vtx and yVt C —^y. 

We have now collected all the necessary ingredients for the proof of Proposition . 
Proof of Proposition \4.Si . By Proposition already established in Section |7i^, we obtain 



the decomposition M = M+ © M_. The final statement of Proposition [4.8| is Proposition 

|8:i2| . □ 



Proof of Proposition 8.12^ . First we deal with M+. Choose a unitary u G M_|_. From Lemma 



|8.10| we know that uVLq C f2 m, thus VLq C u* VL u. Since u* Vtu is a, self-adjoint extension of 
VLq that is affiliated with M, Proposition guarantees that Vl = u* VLu, oi in other words, 
uVt = Qu. Since each element in M_|_ is a linear combination of such unitary elements, we 
get that xQ Qx for all x G M+, proving the first statement. 

Next choose y G M_ and consider the polar decomposition y = v\y\ of y. We are going 
to show that v G M_. Since y* G M_, the operator y*y is in the von Neumann algebra M_|_, 
hence \y\ = {y*y)'^ G M+. Take e G /C+. Since |?/|/C+ C /C+, there exists ei G |?/|/C+ and 
62 G /C+ with 62 J- |y|/C+ so that e = ei + 62. Since also |y|/C_ C /C_, we see that 62 J- |l/|/C, 
implying that V6 = V6i -\- V62 = V6i, since v acts as zero on (Imlyl)-*". Because y = v\y\ and 
I//C4. C /C_, it follows that V6 G /C_. Similarly, t>/C_ C /C_|_. Hence, f G M_. 

It follows that the initial projection p = v*v and final projection q = vv* belong to M+. 
This implies that pQ <OQp and qQ CQqhj the first part of this proposition. 

Because v G M_ , we have that vQq C —Q v by Lemma |8.10| , implying that p i^o ^ ""i^* ^ v. 
We also have that {l-p)Qo C f2 (1 - p). Thus, f2o C -v*Qv + Q{1 - p). 

Since the final projection of v commutes with the self-adjoint operator fi, the operator 
V* VLv is also self-adjoint by Lemma |8.11| . Because of the same reason, —p) is self-adjoint. 
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Therefore, as the orthogonal sum of self-adjoint operators, the operator — f* Qv + ~ p) is 
a self-adjoint extension of ^o- 

Since fl is affiliated to M and G M, one sees that —v* Qv + Q{l—p) is affiliated to M. 



Hence, fl = —v* f2f + f2 (1 — p) by Proposition |8.7| . If e G D{^1), this equality implies that 
ve G D{Q), (1 — p)e G D{Q) and Qe = —v* five + Q {1 — p) e. Thus, using vp = v, qv = v, 

vQe = —qQve + vpQ{l—p)e = —Qqve + vQp{l—p)e = —Qqve = —Qve. 

Thus, we have proved that C ~Qv. Since y = v\y\ we conclude that yQ (1 — Qy. □ 



8.3. Spectral decomposition of the Casimir operator. From (the proof of) Lemma 8.10| 
it follows that Q{pi,P2, n) maps eigenvectors for eigenvalue x of in /C(p, m, e, rj) to multiples 
of eigenvectors of fl in /C(p, m + n, sgn{pi)e, sgn{p2)r]) for the eigenvalue sgia{piP2)x or to zero. 
So, it will be convenient to have an alternative description of the GNS-space JC corresponding 
to the spectral decomposition of Q. This alternative description has the advantage that the 
action of the operators E and, of course, Q, is far more transparent. Moreover, it leads to the 
direct integral decomposition of the left regular corepresentation of (M, A) into irreducible 
unitary representations, see Section |. 

The description of the spectral decomposition of fl relies on certain special functions which 
can be written in terms of basic hypergeometric series: the Al-Salam-Chihara polynomials 
and the little g-Jacobi functions. The main properties of these special functions needed in this 
subsection are given in Appendices |B.4| and [B.5| . The spectral decomposition of the Casimir 



immediately leads to the decomposition of the GNS-space /C as a f/q(su(l, l))-module. This 
is done in Section W^- 



The Casimir operator is a self-adjoint extension of Qq G C^{ICq). Let p G q^, m G Z, 
e, G {—,+}. It follows from ( [4.8|) that ^^oko(p,m,e,J7) is basically a Jacobi operator, i.e., a 
tridiagonal operator on £^(No) or £^(Z). The spectral decomposition of these specific Jacobi 
operators can be described in terms of Al-Salam-Chihara polynomials in case of £^(No), and 
in terms of little g- Jacobi functions in case of £^(Z). Whether }CQ{p,m,e,r]) can be identified 
with £^(No) or £^(Z) depends on the sign of the parameters e and rj, see the beginning of 
Section |7]T]. We need to distinguish between four different cases. 

Let us recall from ( ^^ ) that the modular conjugation J : K. ^ fC, defined by J: fm,p,t ^ 
f-m,t,p, satisfies that E^J = —EqJ and JKq = K^^J, and consequently Jflo = floJ. Note 
that J : ]C{p,m,e,r]) JC{p~^, -m,ri,e), since J f-m,evq"'pz,z = fm,r,eq-"'p-^y,y with y = er]q"^pz 
and sgn{y) = rj. We will use this to reduce the number of cases that we need to consider. 

8.3.1. The case e = + and r] = —. Recall that }C{p,m,e,ri) = i'^{J{p,m,e,ri)). In the case 
under consideration, 

J(p,m, +, -) = {z e Iq\ -q'^pz G Ig, sgn(z) = +} 

can be labeled by No using n = m + xip) + xi.^) ~ 1- Now put e„ = f-m,e-nq"^pz,z using this 
identification, then ( |4.8| ) leads to 
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Comparing this with the Jacobi operator J(a, b \ q) for the Al-Salam-Chihara polynomials, 
( [BJ[5|) , see also ( [BTlD , we see that 2f]o = J{q/p, W""^"" /p I Q^)- By Theorem |B7[3| and 



T3D 2f2o extends uniquely to a bounded self-adjoint operator on IC{p,m, +, — ), and it has 
continuous spectrum [—1,1] and discrete spectrum ad{p,m, +, —) = fj,{D{p,m, +, —)) where 
D{p,m, +, —) = D{q/p,—q^~^'^/p\q'^), using the notation of ( |B.17| ). The multiplicity of the 
(generalized) eigenspaces is one. 

Let I{p,m, +, — ) = I{q/p, —q^^'^™'/p\q^), see ( |B.17| ). We define the operator 

: ^(P, -) L^{I{P, +, -)), 

q q^-^"" 2 (^•^) 

f-m-q"^pz,z ^gzi - ;P,m,+,-) = {-l)''^'-hm+x{p)+xiz)-l{-',-, — I <? ) 

in terms of Al-Salam-Chihara polynomials using the notation as in (p.l8| ). Then T^;^ gives 
the spectral decomposition of the action of the Casimir operator on /C(p, m, +,— ), so 
is a unitary intertwiner of the Casimir operator with the multiplication operator M{x) on 
L^(/(p, m, +, — )). Here, and elsewhere, M{g) denotes the operator of multiplication by the 
function g. The factor (— 1)"* in (|8.8|) is not of importance for the spectral decomposition of 
the Casimir operator, but is inserted in order to avoid signs later on when we decompose JC 
as a f/q(su(l, l))-module. 

8.3.2. The case e = — and r] = +. Using the modular conjugation J, the case e = — and 
T] = + can be reduced to the case e = + and r] = —. Define I{p, m, — , +) = I{p~^, —m, +, — ) = 
HPly — M^^^™!*?^) using the notation (|B.17|) , then 



T-;^ = (-1)" ° J- m, -, +) L\l{p, m, -, +)), 



(8.9) 



f-m,-pq^z,z ^ g^{-;p,m,-,+) = hx(z)~i{-;pq,-pq^^^'^\q^) 

gives the intertwiner of the action of the Casimir operator CIq : )C{p, m, — , +) — > )C{p, m, — , +) 
with M{x). As before Qq has a unique extension to a bounded self-adjoint operator with 
multiplicity one for the (generalized) eigenspaces. 

Combining Sections |8.3.1| and ^.3.2| we see that for e,!] E {—,+}, e rj, we have the 
following description of the discrete spectrum fi{D{p,m,e,ri)): 

D{p, m, e, T]) ={ q^+^'p-' I r G No, g^+^V' > 1 } 

U { \r eZ,r> -em, g^+^r^"" > 1 }. ^^'^^^ 

8.3.3. The case e = — and rj = —. In this case the g-interval J{p,m, —, —) = {z ^ 1^ \ 
q^pz G /q, sgn(2;) = — } can be labeled by Nq. If we put z = —q"'~^^, n G Nq, then we need 
m + x{p) G No in order to have q^pz G Iq. So we have to consider two cases; m + x{p) ^ 
and m + xip) ^ 0. Since the modular conjugation J changes the sign of m + xip) we can 
restrict to m -|- xip) ^ 0, and obtain the other case using J. 

We assume m + x{p) > and put z = — g""*"^, n G No, so that n labels J{p,m, — , — ). Put 
e„ = f_rn,-pq"+"^+^-q"+^, then the expression ( ^^8] ) for flofmpt gives 

V(l-9'")(l-pV™+'")e„-i, 
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which we recognize using ( [B.15| ) and ( [B.ll| ) as the Jacobi operator J{pq,pq^~^^"^ \ q^) for the 
Al-Salam-Chihara polynomials. So VLq uniquely extends to a bounded self-adjoint operator. 
Put I{p,m, -, -) = -I{pq,pq^^^"^\q'^), see ( |B.17|) , then 

^p:m ■ -, -) ^ L^{I{p, m, -)), 

1+2 2 1°--'-^/ 

f-m,q^pz,z ^gz{-;p,m,-,-) = {-IT h^(z)-i{- ■ ]pq,pq ""Ig ) 

intertwines the action of the Casimir operator with the multiplication operator M{x) on 
L'^{I{p,m, —, —)) for m + x{p) ^ 0- Note that we take the normalized Al-Salam-Chihara 
polynomials with a minus sign in front of the argument because of the minus sign in front of 
Qo in (pip . 

In case m + xip) < we define I{p, m, — , — ) = I{p~^, —m, — , — ) and 
'^p:m = (-l)'"^"^^^T-7-„ ° J- ^P. ^, -) - L\l{p, m, -, -)), 

f-m,pg'^z,z ^ gz{-;P,m,-,-) = {-lT^'h.m+xip)+x(z)-li--'^Q/P,Q^~^"'/P I Q^) ■ 

This gives two definitions in case m + x{p) = or q"^p = 1, and it is straightforward to check 
that they coincide. Now we have the intertwiner for the action of the Casimir operator with 
the multiplication operator M{x) on L'^{I{p,m, —, —)) for all m G Z and p G g^. Let us 
remark that the discrete spectrum ii{D{p,m, — , — )) is given explicitly by 



D{p, m, — - 



(8.14) 



' { I r G No, > 1 } 

U { -gi+2('^+'")p I r G No, gi+2{^+™)p > 1 }^ pq^ < 

{ I r G No, g^+>-^ > 1 } 

^ U { -gl+SC'^-Hp-l I r G No, gl+2('--'»)p-l > 1 }^ pg™ > 1. 

In both cases at most one of the two sets is non-empty. 

8.3.4. The case e = + and 77 = +. In this case J{p,m, +, +) can be labeled by Z. We put 
z = q"-, n E Z, and e„ = f-m,pq"+'^,q^^, then ( [4.8|) gives 



2{-no)en=^A^TeW+7¥^er,+l-pq'''~\l + q'nen , , 

(8.15) 



+ v/(l + g2"-2)(l -p2g 



2m+2n-2] 



e„-i. 



Comparing this with (p.35| ) we recognize —2Qq as the (doubly infinity) Jacobi operator 
^^g,2-2m^ qi-2m^p^ _q2 | ^,2^ ^^j, ^^iq little g-Jacobi functions. Let us remark that there are other 
choices for the parameters which, of course, all lead to the same result; we can identify —2VLq 

also with L(g2™+2^ g/p^ _g2 | ^2^^ ^^2m+2 ^ p^2m+l ^ _^2-2m/p2 | ^2) L{q^-^"'^pq^ _g2-2m/p2 | 

g^). Because of these symmetries we can obtain the spectral decomposition of a self-adjoint 
extension of VLq in the case m > from the case m < 0. 

Let us first assume that m < 0. By Theorem |B.15| the unbounded operator fig is essentially 



self-adjoint for m < 0, so in this case VLq has a unique self-adjoint extension C. The spectral de- 
composition of C is described in Theorem [B.15|. For m = we choose the self-adjoint extension 



C of /c(p,o,+,+) with spectral decomposition as described in Theorem |C.1| . The multiplicity 



of the (generalized) eigenspaces is one. Put I{p,m, +, +) = —I{q ,p q , —q \q ) using 
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the notation as in (IB. 361), then for m < 



T+'+ : /C(p, m, +, +) L2(J(p, m, +, +)), 

/-^..'-p.,. ■ ;p, m, +, +) = (-I)'" ■ ; y-'"; -g' I g') 

intertwines the action of the Casimir operator with the multiphcation operator M{x) on 
L'^{I{p, m, +, +)), using the notation ( |B.37| ). To this end we need to argue that C agrees with 

m 5 which is clear in the case m 7^ 0. For m = we recall from the proof of Lemma |8.5| that 
^p'o~ is the self-adjoint extension of r2ok(p,o,+,+) described in Theorem |C.1| , as is C. 

Note that we take in ( ^.161) the normalized little g-Jacobi functions with a minus sign in 
front of the argument because of the minus sign in front of Qo in ( g.l5| ) . 



For m > define I{p, m, +, +) = I{p ^, —m, +, +) and 

•'+,+ _ / 1 yn ■y-^ 

p,m \ / p 



K'r^: = (-1)" T+^t.™ ° U : /C(p, m, +, +) ^ L'{I{p, m, +, +)), 



(8.17) 



fm,pq^z,z ^ 9z{ ■■,P,m, +, +) = j^+^(p)+^(^)(- ■ ; g2+2™,pg^+2'"; -q^\q^). 

Note that this corresponds to the symmetry of the corresponding Jacobi operator, 

^y"'",g'"""/p, -g' I q')=L{q^+^'^,pq'+'^,-q^ \ q^), 

as we observed earlier. As before, for m > the operators Tp^ intertwine the action of the 
Casimir operator with the multiplication operator M{x) on L'^{I{p,m, +, +)). 

It may seem that we now have two definitions for T^q^, but it follows from ( [B.48| ) that they 
coincide. 

Finally, let us give an explicit description of the discrete spectrum fi{D{p,m, +, +)): 
D{p, m, +,+)={ g'+'V \keZ, q^+^^p > 1 } 

U { I r e Z, r > max{0, m}, > 1 } (8.18) 

U { -g^+^>"^ \ r eZ,r> max{0, -m}, g^+^'p"^ > 1 }. 
The last two sets are finite and at most one of them is non-empty, while the first set is infinite. 

8.3.5. The spectral decomposition of Q. Gathering the results from the four different cases 
6 = ± and ?7 = ±, we obtain the spectral decomposition of the Casimir operator Q. 

Theorem 8.13. There exists a unique unitary operator 

T:/C^ L'{l{p,m,e,r])), 

'^{f-m,erjq--pz,z) = Qzi ' ] P, m, E , Tj) , W z G J{p,m,e,r]), 

so that for p E q^, m E Z and e,ri E {— , +}, we have T(/C(p, m, e, r/)) = L^(^I{p, m, e, rj)) . 
Let Tp^- K.{p,m,e,ri) — > L'^{I{p,m,e,ri)) be the restriction of T to ]C{p,m,e,ri). Then, for 
p E q^ , m eZ and e,rj E {—, +}, 

i'Tl'X}* = M{x) on L\l{p, m, e, v)) • 

Here I{p,m,e,ri) = [—1,1] U ad{p,m,e,ri) with aci{p,m,e,ri) = fi(^D{p,m,e,ri)) and with 
D{p,m,e,rj) given in Section |g. 3i for the various choices of p, m, e and rj. 
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8.4. The decomposition of the GNS-space /C as a f/g(su(l, l))-module. The (general- 
ized) eigenspaces of the Casimir operator correspond to invariant subspaces under the action 
of t/g(su(l, 1)). In this way, the spectral decomposition of Q from Section ^]3| leads to the 
decomposition of the GNS-space K. into irreducible ^-representations of f/q(su(l, 1)). Let us 
first recall these representations of Uq{su{l, 1)). 

The *-representations of [/g(su(l, 1)) require unbounded operators, and for this we use the 
theory as developed in ESI, Ch. 8]. In particular this means that for such a representation 



TT in a Hilbert space V there exists a common dense domain T) C V, which is invariant for 
7t{X) for all X G Uq{su{l, 1)), such that the relations of ( f4.1| ) remain valid when acting on 
V E v. Moreover, we require {Tr{X)v,w)v = {v,t^{X*)w)v for all v,w eV. It follows that 
each vr(X), X E f/g(su(l, 1)), is closable. 

Admissible representations of ?7g(su(l, 1)) are *-representations in a Hilbert space V acting 
by unbounded operators, such that V decomposes into finite-dimensional eigenspaces for the 
action of K, and such that the eigenvalues of K are of the form q^, k E \L. Then the following 
irreducible admissible representations exhaust the list, see e.g. [H, [|^. In each of these 



cases the common invariant dense domain is the subspace of finite linear combinations of the 
basis vectors e^. 

Note that each of these admissible irreducible representations is completely determined by 
the eigenvalue of the Casimir operator O on V and the spectrum of K. 

Positive discrete series. The representation space is ^^(Nq) with orthonormal basis 
{cnlneNo- Let k E |N, define the action of the generators by 

(g-1 - g) E ■ e„ = q'"^-'-^^/{l - g2n+2)(i _ g4fe+2n) ^^^^^ (g ^o) 

(g-l - g) F ■ e„ = g|-^-V(l - g2")(l - g4fc+2n-2) ^^^^^ 

with the convention e_i = 0. This representation is denoted by Z)^ and D^(0) = — ^{q^'"^^) ■ 
Negative discrete series. The representation space is ^^(Nq) with orthonormal basis 
{cnlneNo- Let k E and define the action of the generators by 

(g-1 - g) E ■ e„ = gi-^-V(l - g2")(l - g4fc+2n-2) (g ^l) 

(g-1 - g) F ■ e„ = g-^'=-V(l - g^"+2)(l - 9^^+^") e„+i, 

with the convention e_i = 0. This representation is denoted by and D^{n) = — /u(g^^^'^). 
Principal series. The representation space is £^(Z) with orthonormal basis {en}n&- Let 
< b < ^ ^ {0' |} assume {b,e) ^ (0,|). The action of the generators is 

defined by 

K ■ g 6n, K ■ 6j2 g 6^, 

(g-^ - g) E ■ e„ = g-5-«-^^(i _ g2„+i+2e+2i6)(i _ ^2n+i+2£-2*) g^^^^ (8 22) 

(g-l - g) F ■ e„ = gi-"-V(l - g2"-l+2s+2i6)(l _ ^2n-l+2e-2ife) 
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We denote the representation by vTb e. In case {b,e) = (0, |) this still defines an admissible 
unitary representation. It splits as the direct sum vr 2_ i = Dt © -D7 of a positive and 

2 1n(j'2 2 2 

negative discrete series representation by restricting to the invariant subspaces span{e„ | n > 
0} and to span{e„ | n < 0}. We keep this convention for vr ti_ i. Note that iibelfl) = 

2 In q ' 2 ' 

^(g2j6-) = cos(— 261ng). 

Strange series. The representation space is £^(Z) with orthonormal basis {en}nez- Let 
e G {0, and a > 0. The action of the generators is defined by 

{q-^ - g) E ■ e„ = g""""" V(l + g2n+2e+l+2a)(l + g2„+2e-2a+l) e„+i, (8.23) 
- g) F ■ e„ = g""-^+V(l + g2n+2e-l+2a)(l + ^2n+2s-2a-l) g^_^_ 

We denote this representation by vrf^. Note that Tx^^{rt) = fi{q'^°'). 

Complementary series. This series of representations acts in The actions of the 

generators follow from the action ( 8.22| ) by putting e = and formally replacing — | + i6 by 



A and taking — ^ < A < 0. This series of representations does not play a role in this paper. 



We define r(K) = K \ t{K-') = K, r(E) = -F, r(F) = -E. From (gj) we check 
that T extends to an involutive algebra homomorphism r: f/g(su(l, 1)) —>■ Uq{su{l, 1)). From 
( [4.4| ) it is clear that r(r2) = fl. Composing an irreducible admissible representation with the 
involutive algebra automorphism r : Uq{su{l, 1)) ^ f/g(su(l, 1)) gives an admissible irreducible 
representation of [/q(su(l, 1)). This easily gives 

Dtor = D-, 7r5,,or = 7r6,e, o r = (8.24) 

Denoting the orthonormal bases in the representations on the left hand side of ( 18.24] ) by 
{el} we can describe the unitary intertwiners as i-^ (— l)"e„ in the first case and as 
el I— >• (— l)"e_„_2£ for the last two cases. 

Recall that the modular conjugation J : /C ^ /C satisfies that = —EqJ and JKq = 
Kq^J, and consequently JQq = QqJ. This implies that J implements the involutive algebra 
automorphism r: f/g(su(l, 1)) ^ f/g(su(l, 1)). 



The spectral decomposition of the Casimir operator fl from Section |8.3| gives a decompo- 
sition of /C into invariant subspaces for the action of Q. Let p E q'^ and e,r] E {—,+}• It 
follows from (|7!6|) that the space )Co{p,e,ri) = ^^^j^lCo{p,m,e,7]) is invariant for the action 
of f/g(su(l, 1)). We denote by nic{p,e,ri) the representation of f/g(su(l, 1)) on )C{p,e,ri). In 
the following we decompose TTfc{p,e,ri) in terms of irreducible admissible * -represent at ions of 
Uq{su{l, 1)) using the spectral decomposition of fl: ]C{p,m,e,ri) ]C{p,m,e,ri) from Section 
p73| . As before, we have to distinguish four cases depending on the signs of e and t]. It turns out 
that the representation label e for the principal and strange series representations occurring 
in the decomposition of 'n'ic{p,e,ri), depends on the parameter p. For this reason we define 
e:g^^{0,i}by 

e(p) = -xip) mod 1. (8.25) 
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8.4.1. The case e = + and rj = —. In this case the spectral decomposition of the Casimir 
operator acting on }C{p, m, +, — ) is determined by (|87^ ). From the exphcit action of (|4.6| ), 
and Lemma |B.14| we obtain 



,m— 1 ,»Tt— 1 



q2 "-p 2 
■2 



: L^(J(p,m,+,-)) 



.L2(/(p,m-l, +,-)). 



(8.26) 



Note that L^{I{p, m, +, — )) = L'^{I{p, m — 1, +, — )), unless q^~'^"^/p > 1. In this case I{p, m — 
1, +, — ) = /(p, m, +, — and the multiplication operator is zero for the point 
fi{—q^"'^''"/p). So the multiplication operator in (|8.26|) is well-defined. 
From Q we have K {T+'-)* = q'^p^ Id, so (g^) and Q give 

q-^~"'p-hM{^/l + 2xq^"'+'^p + g4m+2p2j 
: L2(/(p, m, +, -)) ^ L2(/(p, m + 1, +, -)). 



,-1 



p/m+l p,m 



(T 



(8.27) 



This can also be derived directly from a similar identity for the Al-Salam-Chihara polynomials. 

/C(p, +, — ) is not an admissible representation of f/g(su(l, 1)), since the i^-eigenspaces are 
not finite dimensional. However, since the actions of E and E* in ( p.26| ), ( p.27| ) match the 
actions given in the list of irreducible *-representations for Ug{su{l, 1)), we can still determine 
the decomposition explicitly. The possible eigenvalues of the Casimir and the eigenvalues of 
K then determine the decomposition. In Theorem |8.14 we deal with the positive discrete 
series representations, since I{p, m — 1, +, — ) C I{p, m, +, — ) for m large enough implying 
that E acts as the creation operator. The direct integral and direct sums of representations 
of [/g(su(l, 1)) by unbounded operators in Theorem pj.l4| uses the construction of [^, Ch. 8]. 

Theorem 8.14. The decomposition of iTjc{p, +, —) into irreducible admissible *-representa- 
tions is given by 



7ryc(p, +,-) 



-7r/2 Ing 



l& /GNo 
2/+x(p)>l 2«-x{p)<-l 



8.4.2. The case e = — and t] = +. In Section |8.3.2| we obtained the spectral decomposition 
of Q in this case from the case e = + and rj = — using the modular conjugation J. For the 
actions of E and E* we can do the same. Using JEo = —E^J we obtain from (|8.26|) and 



(g — q) "^p'^rn-l (-^p,m-l) C^p.r 



= q 2 ■■'p 2M(a/ 1 + 2xq^'"~^^p 
: L^{I{p, m, -, +)) ^ L\l{p, m + 1 
= g^-™p-|M(v/l + 2xg 
: L\l{p,m,-,+)) ^ L\l{p,m 



2m+lo 



g4m+2p2j 



2m— Ip _j_ q4m—2p2 



+ )), 
) 

))• 



(8.28) 



This can also be proved in the same way as (|8.26| ) and ( 8.27 ). 

From e(]9~^) = e{p) and ( ^.24]) we obtain from Theorem |8.14] the following decomposition 
of /C(j9, — , +) as f/g(su(l, l))-module. 
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Theorem 8.15. Let e{p) = ^od 1. The decomposition of nic{p, —, +) into irreducible 

admissible * -representations is given by 

•-7r/21ni3 



5 



pql+2l ^e(p) ■ 



2l>l+x{p) 2l+x{p)<-l 



8.4.3. The case e = — and rj = —. Similar as in the case e = + and t] = — we find 

{q-' - q) T~;;+i E^-,, (T, -)* = g-i->-iM( Vl + 2xq'^+^p + q'^+'p') 

: m, -, -)) ^ m + 1, -, -)), 

: m, -, -)) ^ m - 1, -, -)). 

(8.29) 

In the first equation we assume m + xip) ^ 0, and in the second we require m + xip) > fl- 
it is now a matter of bookkeeping to keep track of the discrete spectrum of Q in /C(p, — , — ) in 
order to find the discrete summands in the decomposition of /C(p, — , — ) as f/g(su(l, l))-module. 
Note that for pq > 1 there is always discrete spectrum for m large, so that E acts as the creation 
operator and hence we have positive discrete series representations in the decomposition. 
Similarly, q > p leads to the occurrence of negative discrete series representations in the 
decomposition. 

Theorem 8.16. The decomposition of 7iic{p, — , — ) into irreducible admissible representations 
is given by 

/ — 7r/2 In q 
nMp)db® ^!i,(,)_,© 

2;+x(p)<~l 2l-x(p)<-l 

Note that at least one of the direct sums in the decomposition is empty. 

8.4.4. The case e = + and rj = +. In this case the spectral decomposition of the Casimir 
operator restricted to /C(p, m, +,+) is described in Section p.3.4| . From Lemma [B.16| we 
obtain 

: L\lip, m, +, +)) ^ L^ilip, m + 1, +, +)), 

iq^' - q) K'r^-i (E+^-iT iK'r^r = g^->-^M(v/l + 2xg2-V + g^-V) 

: L^Iip, m, +, +)) ^ L^Iip, m - 1, +, +)). 

(8.30) 

We have to be a careful in establishing the equality in ( |8.3CI| ) because of the unboundedness 
of the operators involved. From the way we defined T+;^ in Section ^.3.4| we conclude that 
the operators on the left hand side of ( p.30|) are restrictions of the ones on the right hand 
side. Let us denote the operator on the left hand side of the first equality in (p.30|) by S and 
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the operator on the right hand side of this equahty by T. So S* C T. Then, by (p. 3D and the 



result from Section 18.3.4 



= 2 M{x) + {q^"'+^p + g-^"^- V^)Id = T*T , 

implying that \S\ = \T\, and as a consequence, D{S) = D{T). 

It is now a matter of bookkeeping to keep track of the discrete spectrum of VL in /C(p, +, +) 
in order to find the discrete summands in the decomposition of /C(p, +, +) as t/q(su(l, 1))- 
module. Note that for pq > 1 there is always a discrete spectrum for m large, so that 
£"0 acts as the creation operator and hence we have positive discrete series representations 
in the decomposition. Similarly, q > p leads to the occurrence of negative discrete series 
representations in the decomposition. These two cases correspond to the (possibly empty) 
finite sequence of discrete mass points in the spectral measure of the Casimir operator 



( p.lTp . The infinite sequence of discrete mass points that is always present in the spectral 
decomposition of the Casimir operator on /C(p, m, +, +) for all m G Z corresponds to strange 
series representations. 

Theorem 8.17. The decomposition of 7rfc{p, +, +) into irreducible admissible representations 
is given by 

-n/2 Inq 



f — TT/Zm q 

7r^(P, +,+)=/ T^b,e{p)db® 7r^gl+2i,e(p) 

^0 



lei 

2l+x{p)<-l 



zeNo imo 

2l+x{p)<-l 2l-x{p)<-l 



Note that at least one of the finite direct sums in the decomposition is empty. 



9. Generators of the dual von Neumann algebra M 



By Theorem [4.6|, E and K strongly commute with the Casimir Vt. Since there are elements 



in M that anti-commute with f2, see Proposition [4.8| , M cannot be generated by E and K 
alone. So we need to find extra operators that, together with E and K, generate the dual von 
Neumann algebra M. It is the purpose of this section to describe a generating set for M, i.e., 
to prove Theorem [4.13|. We do so by establishing a generator Q{pi,p2,n) of M, see ([4.9|) and 



Proposition [4.9| , as the composition of a partial isometry and an operator expressed in terms 
of the Casimir operator. The partial isometrics occurring in this way give us the required 
additional generators for the dual von Neumann algebra M. 

Throughout this section we fix pi,p2 & Iq, p & q^, m,n G e,ri E { — , +}. Furthermore, we 
set m' = m + n, e' = £:sgn(pi) and rj' = r]sgn{p2), and assume q'^'^p = q~'^\p2/pi\, unless ex- 
phcitly stated otherwise. In this case the operator Q{pi,P2, n) : /C(p, m, e, rj) — > /C(p, m', e', rj') 



is non-zero by Lemma 7.1. 
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9.1. A polar-type decomposition for Q{pi,p2,n). In this subsection we establisli a polar- 
type decomposition for the element Q{pi,P2, n) . Since operators of this form span M by Propo- 
sition [4.9| , we can obtain the generators of M. By Proposition [4.8| the operator Q{pi,p2, n) E M 
commutes or anti-commutes with the Casimir operator f2, hence Q{pi,p2,n) sends a (gener- 
ahzed) eigenvectors of Q to another (generahzed) eigenvector. In order to avoid working with 
generalized eigenvectors, we consider an operator T, acting on L^-functions on the spectrum 
of Q, that is unitarily equivalent to Q{pi,P2,n). We determine the explicit action of T by 
investigating how T affects the asymptotic behaviour of certain functions. Having explic- 
itly the action of T, we can compute explicitly how T*T acts, and this leads to the polar 
decomposition of T. This in turn leads to a polar-type decomposition for Q{pi,P2, n). 

In order the find explicitly the action of the operator T as described above (and defined 
later on by (|9.1|) ), we need a result on the asymptotic behaviour of certain functions. In order 
to formulate the result we define the following function: 

S{t;pi,p2,n) = 

(sgn(p2))" \piP2\ 4 V(-K(pi),-K(p2);g2)oo 

(sgn(pip2)t) M '^(7)'^(^)i^M 



X 



X ''/q''^^^^ ;g^g^«:(sgn(plP2)g-".)) 



where the sum is absolutely convergent. Clearly, S{- ]pi,p2,n) is analytic on C \ {0}. This 
function is studied in Appendix [B.3| in some more detail. Two properties of S that we need 



here are given in the following lemma. 

Lemma 9.1. The analytic function S{ ■ ■,pi,p2,n) : C \ {0} C satisfies the following prop- 
erties: 

(i) S{t;pi,p2,n) = (-g)"sgn(pi)^(Pi)sgn(p2)^^^'^"^"sgn(piP2)5'(sgn(piP2)t"^Pi,P2,-'^) 
(a) S{t;pi,p2,n) is a multiple of a 2^1-function: 

S{t;pi,p2,n) =p^g^"("~i)|pip2| ly{pl)ly{p2)cl^/ (-^(pi), -k{p2); g^)^ 

^ (g^ -gV/t(p2), -tq^~''/piP2, -pmq"'^ /t,piq^~''/p2t; g^)oo 
(-pib2|g~""Vi) -tg"+VPib2|, bi|g^+"/b2|t; q^)oc 

^ ( ( \ 2+2n 2x f P2q^^"/pit,P2tq^^'^/pi 2 2 / / 

X (sgn(pip2)g + ■,q U2V>i[^ sgn(pip2)g2+2" ' ^ ' ^''^^'^ J ' 
See Appendix |B.3|, and in particular Proposition [B.IO] and Lemma [B.ll|, for a proof of 



Lemma |9.1| . 

It turns out to be useful to split the function S* in a part that is symmetric in t and t~^, 
and a part that is not. 
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Lemma 9.2. For x = fi{t), define 

(,nHpi\q'-V\P2\t;q\ 



B{t;pi,p2,n) = < 



,Hpi\q'-V\P2\t;q^)ool-sgn{p2)t-' 



h{x) 



1 -t-i 
{qt, q/t; q^) 



'sgn{p2)qt,sgn{p2)q/t; q^ 

{t.t-^\q^)oo 

sgn(p2)t,sgn(p2)A; g^)oc 



xiPiP2) + n even, 

xiPm) + n odd, 

x{PiP2) + n even, 



x{PiP2) + n odd, 



and 



X ( g^ -g V (P2 ) , sgn {pip2 ) g^+^" ; ) oo a/(-k(pi), -^(pa); g^)c 



X 2V5l 



'b2|g'+"7bil^,-b2|tg'+7b 

sgn(pip2)5'^'^^" 

t/ien S{-sgn{piP2)t;pi,p2,n) = B{t;pi,p2,n)N{x;pi,p2,n) 
Proof. According to x{PiP2) + n being even or odd, we set 

2 - 2k, 



1| . ^2 ^2 



q ,-q /i^{p2) 



3-21 



xiPiP2) + n 

for fc, / G Z. Using the ^^-product identity ( [B.l| ) we find 

sgn(p2) g^'^'^ - 



(tg^ "/biP2|, biP2|g" 7^;g )oc 



q^ 



sg: 



sgn(p2)gt,sgn(p2)gA; g^) 



(sgn(p2)t,sgn(p2)gV^; 

tfien tlie result follows from Lemma p.l| (ii). The expression for is manifestly symmetric in 
t and so is indeed a function of x = fi{t). □ 

In the following lemmas, and in the rest of this section, we use the notation f{z) ~ g{z) as 
2 — >■ 0, for lim2^o(/(^) ~ 9{^)) = 0- We are now ready to formulate the asymptotic behaviour 
we need later on. 

Lemma 9.3. Let f: J{p,m,e,r]) — > C 6e bounded, and consider the function 



\w\ 



g(w) =(_l)™'(^')X(PiP2)+m^m'p2 

X ^j-j- cip^{z,w) ap2{eriq"^pz,e'ri'q"^'pw), 

z£j(p,rn,e,ri) 
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for w G J(p, m', e', r]') . 

(1) If f{z) ~ Ar^(^) as z ^0 for some A e C and t e C, \t\>l, then 

g{w) ^ At^^^^^ rj'^ s{e,e') s{ri,ri') S{eri/t;pi,p2,n), asw^O. 

(2) If f{z) ~ ^{Ae-'^^^'^) as z^O for some A e C and \^\ G (0,7r), then 

g{w)^ r]''s{e,e')s{r],r]') ^Ae-'^''^'"^ S{er]e-'^;pi,p2,n)) , as w ^ 0. 
The proof of Lemma |9.3| is given in Appendix p.3| . 

Using the unitary operators T^;^ : )C{p,m,e,ri) L'^{I{p,m,e,ri)) from Section ^]3| we 
define an action of the generators Q{pi,p2,n) of M on the space L'^{I{p,m,e,ri)) by 

T{p,,p2,n) = T;':^,Q{p^,p2,n){Tl';i,r : L'{I{p,m,e,r^)) ^ m', e', r/')), (9.1) 

where m' = m + n, e' = sgn(pi)£ and rj' = sgn(p2)^- Recall that we assume g^^p = q~"\p2/pi\- 
If this condition is not satisfied, we see from Lemma |7.1| that the operator T{pi,p2,n) is 
trivially zero. Since Q{pi,P2,n') Q C sgn(piP2) ^Q{Pi,P2,n), we have 

T{pi,p2,n) M{x) C sgn{pip2) M{x)T{pi,p2,n) 

for any x in the spectrum of Q. For g G L^{I{p, m, e, rf}) this implies 

{T{pi,p2,n)g){x) = C{x) g{sgn{pip2)x), 

for a certain bounded measurable function C : I{p,m',6',ri') —>■ C. It follows immediately 
that C{x) = if sgn{piP2)x ^ I{p, m, e, rj), which can only happen in case x G crd{p, m', e', rj'). 
The set 

{9zi-;P,m,e,r]) \ z G J{p,m,e,r])} 
is an orthonormal basis for L'^{I{p,m,e,r])). Recall that the functions gz{x]p,m,e,ri) are 
defined in terms of Al-Salam-Chihara polynomials or little g-Jacobi functions, see Section 
|8.3| . From the asymptotic behaviour of these special functions, see ( [B.22| ), ( |B.23D , ( [B.40| ) and 
( [B.41D , it follows that the functions gz{x;p,m,e,ri) satisfy 

. ^ / A( A) (-^r^A) ->^(^) , A G D (p, m, £, 7^) , 

^^'^^ ^ ^' ' ' \5R(A(A)(-£77A)->^(^)), AgT, ^ ' 

as z — > 0, for a certain A{X) = A{X] p, m, e, rj) G C. In general the functions A are only defined 
on To = T \ { — 1, 1}. The function A{X) has an explicit expression in terms of the c-functions 
for the corresponding special functions, for instance 



A{e''^;p,m,+,-) = (^-i)m^-ii^im+xip)-i) _ 



c{e-'^;q/p,-q^-^"'/p \ q^ 



7r|sin^/'| |c(e "^'^^qjp^—q^ | g^)| 



for < I'j/'l < TT, which follows from ( |8.8| ) and (|B.22| ), and we have similar expressions in the 
other cases. For convenience we have written down the explicit formulas for A in Appendix 
B.6| . With the help of the explicit action of Q{pi,P2,iT-) on the basis elements of }C{p,m,e,ri) 
given in Lemma [7.1| , and with Lemma |9.3| , we can now compute explicitly the function C. 
The following notation will be useful: for n,m E Z, p E g^, e, ri,a,r E {— , +}, we set 

X^''^{p, m,e,ri) = T U (^D{p, m + n, ae, tt]) fl otD{p, m, e, r^) j . (9.3) 
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Lemma 9.4. Let g G L'^{I{p,m,e,ri)), X = Xn^^^^^^'^^^^^^\p,m,e,ri), then for almost all 
X = G I{p,m',e',ri') 

{T{pi,p2, n)g) (x) = C{x)g {sgn{piP2)x) , (9.4) 
where C = C{ - ]m,e,ri;pi,p2,n) is given by 

COAX,) = X ^/'^■^•'"•^''''^ . A e X, 

A{sgn{pip2)X;p,m,e,ri) 
0, otherwise. 

Note that the expression on the right hand side is not obviously symmetric with respect to 
interchanging A and A~^, but it is since the function C only depends on x = /^(A). 

Proof. We assume A G X. We know that ( |9.4| ) is valid for some function C and for all 
g G L'^{I{p, m, e, rj)). We choose g = gz = gz{-',P, fn, v)- Since the function C is independent 
of z, we can determine the function C by letting 2; — *■ 0. 

Using Tp^f~m,eriq"^pz,z = 9 z{-', P, ^ , v) y follows immediately from Lemma |7rT] and ( |9.1[ ) 
that 

C{-)gzisgn{pip2) ■ ) = T{pi,p2,n)gz{sgn{pip2) ■;p,m,e,7]) 



w£j{p,m',e',ri') 

as an identity in L'^{I{p, m', e', rj')). Since gz is a real-valued function, we see that the function 
C is real- valued almost everywhere. From (|9.2|) it follows that w t— > gw{x]p,m',e','r]') is 
bounded for all x G /(p, m', e', rj') \ {±1}. This implies that the sum 

— {z, w)ap^ {erjq'^pz, e'lj'q"" pw)g^{x; p, m', e', r]') 



\W\ 



converges for all x G I{p^m\e\ri') \ {±1}. Using symmetry relations (|6.2|) for the functions 
ap, we have 

C{x)gz{sgn{pip2)x) = (-l)™'sgn(pi)>^(P^)sgn(p2)^^^'^r?"'+^^^'^'H£r/)>^(")g"'p?/kl 

X ^ ■^ap^{w,z)ap^{e'r]'q'^'pw,er]q'^pz)g^{x]p,rn',e',r]'^ 

wS:J(p,m',e',ri') 

Let 2; — >^ in this expression using Lemma |9.3| and the asymptotic behaviour ( p.2|) of gz, then 
for A G To, 

C(^(A))3?(A(sgn(pip2)A) (-sgn(pij92)e77A)"^^^^) ~ 

(-l)"g"(r/')"sgn(pi)^(Pi)sgn(p2)^^^'^s(£, v') 
x3?((A'(A)(-eVA)-^(^)5(-A-^pi,p2,-n)), 
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and for A G X^ip, m', e', rj'; n), 

C(/i(A)) A[sgn{pip2)X) ( - sgn{pip2)er]X) ^''^^ ~ 

{-iy'q''{r]ysgn{piY^P''>sgn{p2Y^P^h{6, e')s{7], r]') 
xA'i\)i-e'r]'\)-^^^^Si-\~';p,,P2,-n), 

where we use the shorthand notation A'{X) = A{X]p,m',e',ri'). Applying the first symmetry 
for the function S{-;pi,p2,n) from Lemma |01, using s{e,e') = 52(^~'^s'^(pi)) g^^^j similarly for 
s{ri,ri'), and using the fact that C is real-valued, the result follows. □ 



Remark 9.5. Lemma |9^ immediately gives nontrivial summation formulas for special func- 
tions. We work this out in Section |1 1 . 1| . 

Next we consider the polar decomposition for Q{pi,p2,n). We need the following lemma. 

Lemma 9.6. Forpi,p2 & Iq, n E Z, we have 

Q{Pi,P2,n)* = {-q)'' sgn{pi)^^P^hgio.{p2)^^P^^ Qipi,P2, -n). 

Proof. Using the matrix elements (|7.13|) and their symmetries following from (|6.2|) , it is 
straightforward to check that the matrix elements 

{fmpt,QiPl,P2,n)flrs) and {Q{Pl,P2, -n) fmpt, firs) 

agree up to the factor {—q)'^sgn(pi)^^P'^^ sgn(p2)^*-^^^ for all m,p, t, I, r, s. □ 



Alternatively, one can also use Corollary |Tyj and J fmpt = f~m,t,p, see Section |, to prove 
Lemma ^]6| using (|2.4|) . 

From Lemma 19.61 it follows that 



T{puP2,ny = (-g)"sgn(pi)>^(P^)sgn(p2)^^^^^T(pi,p2,-ri). (9.5) 
Combining this with Lemma p.4| we find for g G L'^{I{p, m, e, rj)), 
{T{pi,p2, n)*T{pi,p2, n)g) (^(A)) 

= (-g)"sgn(pi)>^(^'^)+isgn(p2)'^^"^)+"+'^(-A;pi,P2,n)5(-sgn(piP2)A;pi,j92, -n) g{fi{X)), 
= S{-X;pi,p2,n)S{-X'^;pi,P2,n) g{iJ,iX)), 

where A G X = X^^^-''^^'^^^^^^\p,m,e,T]). The last equality follows from a symmetry relation 
from Lemma ^A\ . Note that this implies S{—X;pi,p2,n)S{—X^^;pi,p2,n) > 0. Furthermore, 
for A ^ X we have 

{T{puP2,nyT{pi,p2,n)g){fi{X)) = 0. 
Now we define for x = /i(A) G I{p, m, e, rj), 

J ( X _ J \JS{-X]pi,p2,n)S{-X-^]pi,p2,n), A G X, 

J^\x,pi,p2,n) — \ ,1 • 

10, otherwise. 
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and we define a partial isometry V{pi,p2,n) : L'^{I{p,m,e,ri)) — > L'^{I{p,m',e',ri')) by 

{C{x)g{sgn{pip2)x) 
— —, -, — , X e /i(A), 
L{sgn{piP2)x) 
0, otherwise, 

where C is given in Lemma We remark that for A G X it follows from Lemma |9.1| that L 
is a multiple of the absolute value of a 2'/?i-function. Now from Lemma |9.4| we find the polar 
decomposition of T{pi,p2,n) : L'^{I{p,m,e,ri)) — > L'^{I{p,m',e',ri')): 

T{pi,p2,n) = V{pi,p2,n)\T{pi,p2,n)\, 

where 

L{x)g{x), X G fJ^{X), 



{\T{pi,p2,n)\ g){ 



X] 



0, otherwise, 



for g G L'^{I{p,m,e,r])), x G I{p,m,e,ri) and the set X is given by (|9.ij|). Note that 
\T{pi,p2,n)\ = on L'^{I{p,m,e,ri)) if p 7^ 5'~"~^™b2/Pi|- We can now describe explicitly the 
polar decomposition for Q{pi,p2,n). 

Proposition 9.7. The operators U{pi,p2,n) and |<5(pi,P2? '^)| in- the polar decomposition 
QiPi,P2,n) = U{pi,p2,n)\Q{pi,p2,n)\ are given by 

\Q{pi,P2,n)\ = L{Q), and U{pi,p2,n) = T*V{pi,p2,n)T . 

We are going to define a partial isometry closely related to V{pi,p2,n) which is more 
convenient for us. Let us first have a closer look at the function -r? — n n appearing in 

the definition of V{pi,p2,n). Using Lemma |9]^ we find (omitting dependence on certain 
parameters in the notation) 

L{x) = ^/B{^^^X)B{^^^X^\N{aTx)\, x = /i(A), 

where a = sgn(pi) and r = sgn(p2)- Here we use that N{x) is symmetric in A and A~^, hence 
real-valued, and consequently B{X)B{X~^) is positive. This shows that L(^sgn{pip2)x) '^^^ 
written as 

^1(1-.) l(l-.)+n A'jX) B{X) ^ 

AiarX) ^5(A)5(A-i) ^ ^ ^ 

This expression, in particular the factor sgn(iV(x)), is not very convenient for us, therefore 
we are going to consider the partial isometry sgn(A^( • ))\^(pi,p25 '^)- Let us introduce the 
following functions: 



E{X; p, m) 



loo 



G{X] p, m, e, T]) = A{X; p, m, e, 1])E{X; p, m), (9.6) 
(rA)-(P) 
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where e(p) is defined by ( |8.25| ). In particular, for e{p) = | we have z/(7(A;p) = =Fz for 
A G T"*". With these functions, we define for n ^ (7,t E {—,+}, a partial isometry 
V^''^ : L"^ {I {p, 771,6,1])) L^{I{p,m + n,(7ri,Tri j) closely related to V{pi,p2,n) by 

G{\;p,m + n,ae,Tr^) 

otherwise. 



where g G L'^{I{p,m,e,T])), and X = X^''^{p,m,e,T]). Let us remark that 
\\;p) 



sen{p2)f^.^\ E{X;p,m + n) _ B{X;pi,p2,n) 



E(sgn(piP2)A;p,m) y/B{X;pi,p2,n)B{\~^;pi,p2,n)' 
for p = ^^"^^"^1^2/^1 1 5 so that y^^^^P'^'^'^^^^p^^ = sgn(A^( ■ ; pi, p2, n))V {pi, p2, n) . We also denote 
^^sgn{pO,sgnfe) ^ L'ilip,m,e,v))^ L2(/(p,m,e,r^)) 

£,??e{±} e,r?G{±} 

by summing V^'"" : L'^{I{p, m, e, r])) — > LP'{I{p, m + n, ar], tt])). 

We now arrive at the following polar-type decomposition for the operators Q{pi,P2,n). 

Proposition 9.8. Let m,n G Z, pi,p2 ^ -^g; e^,"/? G {"")+}; o.^'^d assume p = q~"'~^"^\p2/pi\- 
For a,T E {—, +} we define a partial isometry U^''^ = T*V^''^T , so that 

t/rk(p,m,.,,) = ir;^;:inrv:'^m%) ■. lC{p, m, e, v) ^ JCip, m + n, as, rr^) (9.8) 

Furthermore, we define a continuous function H = H{ ■ ■,pi,p2,n) by 

u( \ ^ E{\-p,m) 

H[x;pi,p2,n) = : — : rn/^_../.„ ^^ , ^^, S{-X;pi,p2,n), x = /i(A), 



z/, 



;sgn(j9ij92)A; p) E{sgn{pip2)X; p,m + n 



and we denote by P = P{pi,p2,n) G B{IC) the spectral projection of K corresponding to the 
eigenvalue a/ q~"' \P2/Pi\- Then 

Q{pi,P2,n) = f/^g°(fi)'«g°fe)i7(fi)p. 

Again the right hand side defining H is not obviously symmetric with respect to interchang- 
ing A and A~^, but it is as can be observed either from the proof of Proposition p.8| or by 
observing that the A-dependent part in ( p.9| ) is indeed symmetric with respect to A A~^. 
Observe that E{X;p,m) = E{X;pq'^^,0) and pg^'" = g""]^]. Also, z/.^^'^'''^^''(sgn(pip2)A;p) does 
not depend on p and m since e{p) = e(g~"~^™|^|) = e(Q'""|^|) by (^.25| ), so H, as a function 
of X, only depends on the parameters pi,p2 and n. 



Note that Proposition p.8| proves Lemma 4.12. 
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Proof. From ( |9.6| ) , Lemma |9.4| and Theorem p.l3| we find 

= eia-)r^i(^-)+V„-(A; p) f ^ ' ''^ H{arx) g{arx) 

G[aTX;p,m,e,r]) 



hence Q{pi,p2,n) = U^''^ H{Q) on /C(p, m, e, r/). Now observe that P is the orthogonal pro- 
jection onto 

lC{p,m,e,T]), p = b2MI, 

then the result follows. □ 



From this proposition it follows that the function C{x) from Lemma |9.4| can be written as 



C{x) = 5^(i-'^)r^^(i-^)+"<(A; p) g'/^' f ""^^ ^ V ^^^^' (9.9) 

G{(rTX;p, 171,6,7]) 

for a = sgn(pi) and r = sgn(p2)- Let us give two identities for the function C that will be 



useful later on. The first identity follows from the structure formula in Proposition 4.10 for the 
linear basis {Q{pi,P2,n) \ pi,P2 & Iq, n E Z} for the von Neumann algebra M. This formula 
implies a product formula for the function C that is useful later on. The second identity is a 
consequence of Lemma PTB. 



Lemma 9.9. Let Pi,P2, ri, r2 G Ig, k,m,n E Z, e,ri E {—, +} and y G [—1, 1]. 
(i) Assume |^| = and |^| = g", then the following product formula holds: 

C{y; k + m, sgn(ri)£:, sgn(r2)?7; Pi,P2, n)C{sgn{piP2)y; k, e, r]; r2,m) = 

axAi"i^Pi)(^x2{r2,P2)C{y; k, e, r/; Xi, X2, m + n). 



X\,X2&Iq 

gn(xi)=sgn(piri) 
?n{x2)=sgn(p2''2) 
\xi\ = \x2\ 



(a) The following symmetry relation holds: 
C{y;m,e,r];pi,p2,n) = 

{-qY sgn(pi)^(Pi) sgn(p2)^*-^'''' C{sgn{pip2)y] m + n, sgn(pi)e, sgn(p2)?7; Pi,P2, -n) 



Proof, (i) From (|9.1| ) it follows that the operators T{pi,p2,n) satisfy the same structure 



formula as the operators Q{pi,p2,n), see Proposition |4.10| . Let ^ = g 2fc m then p 
g,-2(fc+m)-n|^| _ g-2A:-m|ra|_ Applying the structure formula to a function g G LF'{I{p, k, e, rj)) 



and using the action of T{pi,p2,n) as multiplication by the function C from Lemma [9^ , we 
obtain 

C{y;k + m, sgn(ri)£:, sgn(r2)?7; Pi, P2, n)C{sgn{piP2)y; k, e, rj; ri, r2, m)g (sgn(piP2rir2)y) 
= ^ ax^{ri,pi)a,c.2{r2,P2)C{y;k,e,ri;xi,X2,m + n)g[sgn{xiX2)y) 



Xl,X2eIq 
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Observe that T(xi,X2,n + m) = on L'^(I(p,k,e,ri)) unless p = q "^^ " mi £11 -yyj^icii implies 
that the sum is only over Xi,X2 G Iq satisfying = \x2\- Furthermore, by Definition we 
have ttxip^r) = if sgn(x) 7^ sgn(pr), so we may write sgn(a;ia;2) = sgn(piP2'"i'"2) in the above 
sum, since the terms where this is not true do no contribute to the sum. Finally, since g was 
chosen arbitrarily, the result follows. 

(ii) Write out {T{pi,p2,n)f,g) = {f,T{pi,p2,n)*g) for suitable functions / and g, using 
Lemma and ( |9.5| ). Using the fact that / and g are chosen arbitrarily and continuity in y of 
the function C{y), the identity follows. Alternatively, the second identity can also be derived 
from Lemma |9.1| (i). □ 

9.2. Generators of M. The main step towards finding a generating set for M is the polar- 
type decomposition for Q{pi,p2,n) from Proposition pT8| . The partial isometries U^''^ , a,T & 
{—,+}, n G Z, from Proposition |9.8| give us the required extra generators for the dual von 
Neumann algebra M. First we show that the operators f/^'^ belong to the von Neumann 
algebra M. 

Proposition 9.10. For I G Z and a,T E { — , +}, the operator Up'^ belongs to M. 

Proof. Since Q{pi,P2,n) G M by Proposition the polar decomposition Q{pi,P2,'n) = 
U{pi,p2,n) \Q{pi,p2,n)\ of Proposition 13 gives that U{pi,p2,n) G M, \Q{pi-,P2-,n)\ G M. 
Recall that U{pi,p2,n) = T* V{pi,p2,n)T, and that 

Define the Borel sets A = {a; G M | N{x]pi,p2,n) > 0}, B = {x eM\ N{x;pi,p2,n) < 0}, so 
that 

^^sgnbO,sgnfc) ^ MixAi■))Vip^,p2,n) - MixBi-))Vip,,p2,n) 

and 

rrsgn(pi),sgn{p2) _ y* TASgn{pi),sgn(p2) y 

= T*M{xA)rT*V{p,,P2,n)T - T* M(xb) T T* \/(pi,p2, n) T 

= En{A)U{puP2,n) - En{B) U{pi,p2,n) 

where xa is the indicator function of the set A and E^ is the spectral decomposition of the 
Casimir operator using Theorem |8.13| . Since the Casimir operator Q is affiliated to M by 
Theorem |4.6| , it follows that the spectral projections Eq{A),Eq{B) G M. Since we already 
noted that U{pi,p2, n) G M, we see that [/^s"(pi)'«s"{p2) □ 

We can now show that the partial isometries U^''^ provide the extra generators for M that 
we need. The following properties are useful. 

Lemma 9.11. Let m,n,n' ^ Z, p & and e,ri,a,T G {—,+}, then the partial isometries 
U^''^ : /C(p, m, e, rj) /C(p, m + n, ae, rrj) satisfy the following properties: 

(m) f/+- = t/o+-t/++, 
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Proof. This follows directly from the definition of f/^'^, see ( |9.7|) and (|9.8| ). For the computa- 
tion of iU^''^)* it is useful to observe that z/I„(A; p)z/^(crrA; p) is equal to — 1 for cr = r = — 
and e{p) = |, and it is equal to 1 in all other cases. □ 

Now we can finally show that the von Neumann algebra M is generated by K, E, Uq^ and 

Proof of Theorem From Propositions 9^, 9.101 and Lemma |9.11| it follows that M is 
generated by K, Q, U^^, Uq^ and U^'^. Using (|9.6| ) and writing A{X) explicitly, using the 
appropriate c-functions, we find for x = /i(A) G I{p, m, e, rj) fl I{p, m + l,e, rj) 

G(A; p, m + 1, e, rj) = riG{X; p, m, e, 77), 

hence = g{x), so we see from {^^), ([OsD , (lOgP and ([OOl ) that = T*y++T 

is the partial isometry in the polar decomposition of E. Then, using Definition [4.5| for Q, it 
follows that M is generated by K, E, Uq~ and U^'^. □ 



10. Unitary corepresentations 
In this section we need the function v : q'^ —>■ Z defined by 

v{t) = ^x{t) + e{t), teq^ (10.1) 

So if t = g^^ or t = g^fc-i ^qj, some k E 1^, then v{t) = k. 

Recall from Section |^ that we assume p G q^, m E Z and e,ri E {—, +}. Let /Cd(p, m, e, rj) 
denote the closed subspaces of /C(p, m, e, rj) spanned by all the eigenvectors of VL in /C(p, m, e, rj) , 
and denote its orthogonal complement by }Cc{p,m,e,r]), so that we have a decomposition 
/C = /Cc © /Crf corresponding to the continuous and discrete spectrum of Q. The unitary 
operator T^'^ restricted to /Crf(p, m, e, r/) or }Cc{p, m, e, rj) is again a unitary operator mapping 
into i'^{ad{p,rn,e,ri)), respectively L^([— 1,1]). 

10.1. Discrete series. In this subsection we assume that x G (Jd{p,m,e,ri). For e, 77 G 
{~) +}) P & q^ and m G Z, we define an element ef^{p, x) G /Cd(p, m, e, r^) by 

Since {(J^: I x G ad{p,rn,e,ri)} is an orthonormal basis for i'^{ad{p,m,e,ri)), it follows from 
unitarity of T^'J^ that the set {e^''(p, a;) | erjx G crrf(p, m, e, 77)} is an orthonormal basis for 
}Cd{p, m, e, rj). This can also be seen directly from ( [B.19| ) and ( |B.38| ). Moreover, from Theorem 
8.13| we see that e'^^p, x) is an eigenvector of Q for eigenvalue erjx. 
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Lemma 10.1. The actions of the generators of M on e^''(p, x) are given by 

{q-^ - q)Ee'j;'{p,x) = g-^-ip^i ^1 + 2er]xq^"'+^p + g4m+2p2 e'^l^ip, x), 
Utetn\p,x)=v{-ir^'^e^'\p,x), 

Proof The action of K follows from ([7l9|) ; the action of E follows from (IOTI) , (|]28D, (|]29D 
and ( |8.3CI| ). To determine the action of Uq" we observe that 

VQ+-6,r,x{f^{-f)) =riiyQ{r,p) , — — r4r,x(-/i(7)) 

G{-i;p,m,e,r]) 

= r/(-ir(^)5_,,..(M7)), 



by Lemma |10.2| , see below. Applying T* gives us 

Ute^^{p,x) = r^{-ir^^^e^^-\p,x). 
The action of f/g"^ calculated in the same way. □ 
Lemma 10.2. We have 

Proof. We treat here the formula for A G T, e = r/ = +, and m < in detail. The formulas 
corresponding to the other cases are obtained from similar computations. Note that, by 
construction, all formulas are equal to ±1 

Assume X E T, e = rj = +, and m < 0. From writing A{X]p,m,+,±) and E{X]p,m) in 
terms of g-shifted factorials and canceling common factors, we obtain (see (|9.6| )) 

G{X;p,m,+,-) ^ 
G(-A;p,m, +,+) 



X^-^~x{p)^qX/p; q^)oo / (gpA±i, -g3-2»nA±Vp, -g2™-ipA±i; q^) 



{pqX,-q^ 2m/p_)^^_g2m ipA; g^)^ y {qX^^ / p; q^) ^ 

Recall here that (aA^^;g)oo = {aX,a/X;q)oo, which is strictly positive for 7^ a G M and 
A G T. Now assume e{p) = |. Using the 6'-product identity ( [B.lj ) we may write 

{qX/p;q'U = A"^^)^-"^^)^"^^)-^ ( V^, g^A, g2)oo ^ 

(pg/A;g^)oo 

from which it follows that 



G(A;p,m,+,-) , ^ A (1/A, g^A; g^)^ /(_a±i, -g2A±i; g2 



G(-A;p,m,+,+) ^ ^ (_A, -gVA; g^)^ V (A±^ g^A^i; g^) 
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Using the identity (ag; g)oo = ('^;Q')oo/(1 — (^), and using (a='=-'^;g) > for a G T, the above 
expression reduces to 

-A)(l-A-i) 




1- Ay (l + A)(l + A-i)' 
From this expression we finally obtain 

G{\;p,m,+,-) _ U (-I)-(P) A G T+, 
G'(-A;p,m,+,+) ~ A G T^. 

Using Uq^X-jp) = =Fz for A G T^, the result follows for the case e(p) = |. 
Next we assume e{p) = 0. The ^^-product identity ( |B.1| ) gives in this case 



{pq/X;q 



2\ 



/CO 



-1 



loo- 



Now all g-shifted factorials become symmetric in A and A , hence positive, and this leads to 



G'(A;p,m,+,-) _ (gA^^ g^)oo / (pgA^^ -gA^^; _ 

G(-A;p,m,+,+) ^ ^ (mA±i, -gA±i; g^)^ V (gA±i; g^^^ I ) ■ 



I oo 



This proves the result in case e(p) = 0. □ 

Notice that the invariance of L^^^^ as defined in Lemma ^TT] follows from the fact that for 
Pi,P2 £ and n G Z, the operator 

Q{pi,P2,n): }C{p,m,e,r]) IC{p, m + n, sgn{pi) e,sgn{p2) ri) 



and sgn(piP2) QiPi,P2,'n) C VtQ{pi,p2jn) for all Pi,P2 £ -^g and n G Z, see Lemma [f?!] and 
Proposition [4.9| . This proves that Cp,x is an invariant subspace for M, hence it gives rise to a 
corepresentation of (M, A). Since is the multiplicative unitary, its restriction Wp^x is also 
unitary. This proves Lemma 

In order to prove Proposition |5.2| we have to do some bookkeeping, based on the discrete 
spectrum of the Casimir operator f2 acting on }C{p,m,e,ri) given as ad{p,m,e,ri) = {/i(A) | 
A G D{p,m,e,ri)}, where the set D{p,m,e,ri) is given explicitly in ( ^.lUI ), ( |8.14] ), ( ^.ISI ). So 
we have to keep track which of the eigenvectors e^^{p, x) in Cp^x correspond to eigenvalues in 
the spectrum of Q in /C(p, m, e, r]). 

Proof of Proposition \5. ^ . Note that p = g"'^-' and |A| = q^^^^K Since |A| > 1, it follows that 
I < j. In order to see that |A| G q^'^^^p, consider x = fi{X) where A G — g~^ U g~^. It 
follows from ( p.lOj ), (|8.14|) and ( ^.181) that if there exist m G Z and e,ri E {—, +} such that 
IC{p,m,e,ri) 3 e^^{p^x) ^ 0, then |A| G q^'^^^p. 

Assume first that x > 0. It follows from ( p.l8| ) that an eigenvector e^'^(p, x) G /C(p, m, +, +) 
is non-zero if and only if a; = fi{q^~^^''p) such that q^+'^^p > 1. So such an eigenvector exists 
for all m G Z. It follows from (|8.14|) that such an eigenvector e~~(p, x) G /C(p, m, — , — ) does 
not exist, since the discrete spectrum of Vt on /C(p, m, — , — ) is always negative. A check shows 
that eigenvectors e^~(p, x) G /C(p, m, +,— ) satisfying i7e^~(p, x) = — /i(g^'''^V) ^^"(p, x) ex- 
ist precisely when k > —m. Similarly, eigenvectors e~"'"(p, x) G /C(p, m, — ,+) satisfying 
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Qe^{p,x) = —fi{q^^'^^p^^)e^{p,x) exist precisely when j < m. This covers the case (i) of 
Proposition p?2| . 

For the remainder of the proof we assume x < 0. Since / < j, it cannot happen that j < 
and / > 0. We start by looking at eigenvectors for positive eigenvalues of VL in /C(p, m, £, rj) for 
e ^ 7]. From ( |8.1CI| ) it follows that such eigenvectors occur for the eigenvalue —x = /i(g^^^'p) in 
]C{p,m, — , +) precisely when / > and that such eigenvectors occur for the eigenvalue —x = 
fj,{q^~^^p^^) in /C(p, m, +, — ) precisely when j < 0. So these cases cannot occur simultaneously, 
and we consider them separately. 

From ( |8.18D we find eigenvectors e^'^{p,x) in case / > max(0,m) or j < 0. Using ( ^.14 ) 



we see that e~~ {p, x) is an eigenvector for the eigenvalue x precisely when / > or / > m for 
the case pq"^ < 1, i.e. I + j < m. In case pq"^ > 1, or / + j > m, we see that e~~(p, x) is an 
eigenvector for the eigenvalue x precisely when j < or j < m. 

Assume / > 0, and hence j > 0. Then we find no eigenvectors of type e^^{p,x) and 
e~"'"(p, x) for all m e Z by (|8.10|) . We find e^{p, x) for all m G Z with m < Z by considering 
the case m < and m > separately in (|8.18|) . Consider now (|8.14|) . In case m < I + j (or 



qirip y j^-j ^j^^ eigenvectors e~~(p, x) for j < 0, which is excluded in this case, or j < m. 
So in total we get e~~(p, x) for j < m < I + j. In case m > / + j (or q^p < 1) we find 
eigenvectors e~~(p, x) for I > m, which is excluded since it implies j < 0, and for I > 0. So 
we find e~~ {p, x) for m > I + j. Combining we find e~~ {p, x) for all m ^ Z with m > j. This 
gives case (ii) of Proposition p.2| . Case (iii) is obtained similarly by analyzing j < and hence 
/ < 0. □ 

Next we show that the corresponding unitary corepresentations of (M, A) are irreducible. 



Proof of Proposition \5. Sj . We have already observed that Cp^x is invariant. Consider Cp^x with 
the convention p = q^^~^ with Z < j as in Proposition ^.2|, and assume for the moment that 



/ + 1 7^ j, or / + 1 < j. We claim that is possible to choose e, G {±}, m G Z so that 

(1) 0^e^nP,a;)G£p,. 

(2) eZ^'\p, x) i Lp,x for (s, t) = (-, +), (+, -), (-, -). 

Take m G Z such that I < m < j, which is possible by the assumption / + 1 < j. By 
Proposition |5]^ we find by inspection that e++(p, x) in case (i), e~"'"(p, x) in case (ii) and 
e^~(p, x) in case (iii) gives the required choice. 



Recall that K is affiliated to M, see Proposition [4.4| . Thus, if P denotes the spectral 
projection of K with respect to the eigenvalue p'^q'^, we find P G M. So P\cpx is the 
orthogonal projection onto the closed subspace spanned by {e^*(p, x) \ s,t E { — ,+}}• But 
by our choice of m,e and rj, this implies that P\cp^^ is the orthogonal projection onto e^{p, x). 
So we can look at the invariant subspace of Cp^^ generated by the vector e^''(p, x). 

Consider the closure L of {Tj^^^ e'^{p,x) \ T G M}, so that L is an invariant subspace of 
Cp^x and L ^ {0}. Using Lemma [10. 1| the partial isometry V in the polar decomposition of 



E maps ef^{p,x) to e'l^_^i{p,x) if this corresponds to an eigenvector of Q in /C(p, m + r/) 
and to zero if this is not the case. Using Lemma [10. 1| and the fact that the partial isometry 



\^ G M by Proposition [TTSl , we see that all other vectors in the three lists for Cp^x in Proposition 
|5l^ can be reached by repeated application of V, V*, Uq~ and Uq~^. Hence L = Cp^x, and 
irreducibility follows. 
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In case / + 1 = j we cannot establish that -Pj^p^ is the orthogonal projection on a single 
vector in the lists as in Proposition |5.2| , but we can view it, by taking m = /, as an orthog- 
onal projection on the subspace Ce'^~^{p,x) © Ce',^~^{p,x) in case (i) of Proposition [5^ , on 
Ce'[~^{p,x) © Ce'l"^{p,x) in case (ii) and on Ce'l~{p,x) © Ce^ {p,x) in case (iii). Now use 
the fact that the partial isometry V & M of E kills the second vector in each of these spaces 
to see that the range of the composition V\cp ^P\cp ^ has dimension 1 spanned by el^^{p,x) in 
case (i), by ej'^{p,x) in case (ii) and by e^^(p, x) in case (iii). Now we can argue as in the 
case I + 1 > j above to find that Cp^^ is irreducible. □ 



10.2. Principal series. We start by recalling the definition of Section ^. Let x = cos 6 G 

[—1,1] and p G q^. We define a Hilbert space Cp^x by 

where each space i'^^^^ip, x) denotes a copy of £^(Z) with standard orthonormal basis {ef;^{p, x) \ 
m G Z}. For convenience we recall the definition of the operators K, E, Uq~, Uq~^ on Cp^x as 
given in ( |5.2|) ; 



Ke'l^ip.x) =p^q"'e'^''{p,x), 
{q-' - q)E e^{j>, x) = g-'^-^p-l |1 + eW'^+^'l e^^^.ip, x) 
f/o+-e^^(p,x)=r^(-l)-(^)e^-^(p,x), 
f/o-+e^np,x) = e7^^^P\-ire-J^\p,x). 



(10.2) 



The operators E and K are unbounded closable operators with dense domain the finite linear 
combinations of the orthonormal basis vectors e^''(p, x), m & Z, e,ri & {—, +}. The operators 
Uq~ and Uq^ are bounded; they are isometrics. 

Remark 10.3. It is useful to observe that each subspace ,,(p, x) of Cp^x is a principal series 
Uq{su{l, l))-module as defined by ( |8.22| ). The above defined actions of K and E on ef^{p,x) 
coincide with the actions of K and E in the principal series representation 'n'b,t{p) on the 
standard basis vector Cm+k, where /i(g^*^) = —erix and p = g2fc+2e(p)_ Ugj^g f2 = ^[{q~^ — 
qf'E*E — qK^ — q^^K~'^) it can be verified that f2 e'^{p, x) = erfx e^{p, x). Furthermore, the 
discrete series corepresentations from Lemma |10.1| can (formally) be obtained from ( |10.2| ) by 
taking erjx in the discrete spectrum of Q. 



The operators ( 10.2 ) generate a von Neumann algebra Mp^x- We can construct the elements 
Qp,x{pi,P2,n), pi,p2 E Iq, n E Z} for Mp,x, basically by reversing the arguments that led to 
the proof of Theorem |4.13| . Let us first define operators f/^'^ : Cp^x '^p,x for n G Z and 



cr, r G { — ,+} as follows. We set Uq~^ = Id, and we define U^~^ as the partial isometry in 
the polar decomposition of E, i.e., Ui^ef^{p,x) = e'^^_^i{p,x). Now we define t/^'^, n G Z, 
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cr, r G { — ,+}, recursively by 







n G N, 




— ^0 5 


n eN, 






n G N, 


U-- 




n G No 






n G N. 



From ( p.0.2|) , Lemma p.0.2| and the identity G{X;p,m + l,e,ri) = riG{X;p,m,e,ri), see the proof 



of Theorem |4.13| at the end of Section |9.2| , we find 

f/re-(p,x) = .^(^-)r,i(^-H".-(A;p) ^^^;^'7 + "'"^'7^ e--(p,x), (10.3) 

G{aTA;p,m,e,r)) 

where /i(A) = x. Now for pi,p2 G /g we set a = sgn(pi), r = sgn(p2), and we define 

Qp,x(Pi,P2,?^) = U^'''H{n;pi,p2,n)P{pi,p2,n), 

where P{pi,p2, n) is the spectral projection of K defined in (|10.2|) corresponding to the eigen- 
value \/q~'"'\p2/Pi\i and H is the function defined in Proposition p.8| . 

Lemma 10.4. The operators Qp,x{Pi,P2,i^) have the following properties: 
(i) Qp,x{pi,P2,'n) acts on the standard basisvectors of Cp^x by 

C{aT€rix;m,e,ri;pi,p2,n)e'^i[J!{p,x), g^m ^ g-"|i^^ 



QpAPi^P2,n)e'^\p,x) 



where C is the function given by 
(a) In Mp^x we have 

Qp,x{Pi^P2,n)Qp,x{ri,r2,m) = 0, 
ifl'^l ^ or 1^1 7^ g", and 



Qp,x{Pi^P2,'n')Qp^^{ri,r2,m) = ^ axi('"i,Pi)ax2('"2,P2)<5p,x(a;i,X2,n + m). 



Xl,X2&Iq 

sgn(xi)=sgn{piri) 
sgn(x2)=sgn{p2r'2) 



ifim = and 1^1 = g". 



('mj The adjoint of Qp^x{Pi,P2,n) in Mp^^ is given by 

QpAPi^P2,n)* = {-qT sgn{pi)^^P^hgn{p2)^^^''^ Qp,x{pi,P2, -n). 
Proof, (i) First note that P{pi,p2,n) is the orthogonal projection onto 

Span|e^''(p,a;) |g2- = g-|ig.|, e,r/G{- +}}. 

The explicit action of Qp,x{Pi,P2, on an orthonormal basisvector ef^lp, x) now follows from 
( |10l ) and 
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(ii) By (i) the product of two Qp,^ operators is given by 

C{y; k + m, sgn(ri)£, sgn{r2)r]; pi,p2, n)C{sgn{pip2) y, k, e, t]; n, r2, m) e'l:^'^^^{p, x) 
if q^'^ = and g2fc+2m _ g-n| ^^^^ ^ero otherwise. Here y = sgn{piP2rir2) erjx, 

e' = sgn{ripi)e and rj' = sgn{r2P2)v- Now we use the product formula for the function C from 
Lemma 19. 9L then it follows that 



Qp,x {pi ,P2,n) Qp^^ (ri , ra , m) e^''' {p,x) = 

ttxi {ri,pi)a:,2 ir2,p2)C{y; k, e, i]; xi, X2,m + n)eY'{p, x). 

Xl,X2&Iq 

sgn(xi)=sgn{piri) 
sgn{a;2)=sgn(p2r'2) 
|xi| = |a;2| 

if 1^1 = and |^| = g", and the product is zero otherwise. Observe that inside the sum on 
the right hand side the condition q"^^ = g~"~"^|;^| is satisfied because = \x2\, and since 
Qp,x{xi,X2,n + m) = otherwise, the product formula for two Qp^x operator follows. 

(iii) The adjoint of Qp,x{pi,P2,'n) follows from (i) and the symmetry property for C from 
Lemma 19.91 □ 



Proposition 10.5. Let pi,p2 & Iq, n E TL, and let Uj^g G B{1C)^ he the normal functional 
given by Uf g{y) = {yf,g) for y G B{1C), where f = fo,pi,i and g = fn,p2,i- Then there exists a 
unique unitary corepresentation Wp,x G M ® B{CpA such that 

{ujf^g(g)ld){W;A = Qp,xipi,P2,n). 

The proof of this proposition follows from Lemmas |10.6| - 110.9| . 

Lemma 10.6. Assume pi,ti G Iq, mi,m G Z and e,ri E { — ,+}■ There exists a unique 
co-isometry Wp^x G M B{Cp x) such that 

C{sgn{piP2)er]x;m,e,r];pi,p2,x{P2/pip) -2m) 

P2e/q 

V f xj, „sgn(pi)£,sgn{p2)r?/ \ 

^ JXiP2/pip)+mi-2m,p2,ti ^ ^X{P2/pip)-m \Pj-^)- 

Proof We set Wr = (Id (g) T)iy(ld O T*). For i = 1,2, assume mi,ni G Z, pi,ti G Ig, 
£i,Vi,^ P e g^, gi G L'^{I{p,mi,ei,r]i)). Recall from ( [7.14[ ) that {^f„,p,t,jn2P2t2 ® 

Id)(iy*) = 5t^t2Q{Pi-,P2,n2 — ni), then by Lemma and ( |9.1|) we have 

{W^fn.p.tr ® 9l), fn2P2t2 ^ 92) = ( (o^/^^,^,^ ® Id) (VT^ (73) 

= 5t^t2Ssgn(p^)er,e2Ssgnip2)m,m^'ni+n2-n^,m2{Ci-;mi,ei,r]i;pi,p2,n2 - ni)gi{sgn{pip2 ■ ),g2), 
if p = g"^~"'^~^™'^|^|, and the expression is equal to zero otherwise. Now it follows that 

Wy{fn,p,t^ ®9i) = fki,P2,ti ^ C{ - ■,mi,ei,r]i;pi,p2,ki - ni)gi{sgn{pip2) 

P2&Iq 
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where ki = ki{p2) G Z, i = 1, 2, is determined by p = |£i|_ 

Let (5„)„eN be a sequence of nonnegative real-valued continuous functions on [—1, 1] that 
approximate the Dirac (5-distribution 5{-—x). In particular, the functions (5„ have the following 
property: 

lim / 6n{u)f{u)du = f{x), 
J -I 

for a continuous function / on [—1, 1]. We write 5„( ■ ; p, nii, ei, rji) for the function 5n{sirii ■ ) 
considered as a function in L^{I{p,mi,ei,rii)). In particular, 6n{x]p,mi,ei,rii) = for x ^ 
[—1, 1]. We set gi = ■ ; p, rrii, Ei, rji), then by unitarity of W^, 

Snin2^piP2^tit2^mim2^eie2^ViV2 — {^rifnipiti ® S'l ) ) W^T (/n2P2t2 ® 92)) 
^tit2^ni—2mi—x{pi),n2~2m2—x{P'2)^mi—ni,Tn2—n2^sgii{pi)ei,sgn{p2)e2^VlV2 

X ^ / gi{sgn{piP3)x)g2isgn{p2P3)x) 

X C(x;mi,ei,r7i;pi,p3, A;i - ni)C(x; m2, £2, ??2; P2,P3, ^2 - n2)dx 

^tit2^ni—2mi — x{pi),n2—2rn2 — x{P2)^'rni—ni,rn2—n2^sgn{pi)ei,sgn{p2)e2^r]iV2 

X ^ / 6n{sgn{piP3)eir]ix)C{x]mi,6i,r]i,pi,p3,ki - ni)C{x]m2,ei,r]i]pi,p3,k2 - n2)dx. 

Here ki = ki{ps). Note that C is real- valued on [—1, 1]. Since the function C is continuous on 
[—1, 1], we find from letting n — 00, 

^PiP2 = ^C{sgn{ps)y;mi,ei,r]i;pi,p3,x{P3/PPi) - 2mi) 

P3<^Iq 

X C{sgn{p3)y;mi + xlPiM), sgn(piP2)£:i, P2,P3, xfe/pPi) - 2mi + xfeM)), 

where y = sgn{pi)eiriix. Absolute convergence of this sum is obtained from Lemma [B.12| , see 
also the proof of Lemma |11.2| . Now it follows that W* ^ defined by ( |10.4D is an isometry. 

Furthermore, from the explicitly formula for W*^ we see that W*^ commutes with M(C") ® 
Id2,2(/^) ® y ® Id£p^ for all n e Z and y G B{L'^{Iq)). Therefore 



G L°°(T)®CIdi2(,,)®5(L^(/,))®CId£^,J = L°°(T)®fi(L^(J,))®CIdi2(,,)®B(£^ 



■'P,x)i 



so we have indeed PVp^^^ G M (g) B{Cp^,j.), by Remark and the observation recalled after 
Definition O. ' ' □ 



Lemma 10.7. Let 1711,7712 G Z, Pi,P2,ti,t2 G Iq, thcTi 

i^fm,p,t„U2P2t2 ® = St,t2Qp,x{PuP2,m2 - mi). 

Proof. Let m G Z and 6,7] E { — , +}. From Lemma |10.6| we find 

Kt2^x{P2/PiP)+m^-2m,m2C{sgn{piP2)e7]X]77i,e,7];pi,p2,7n2 - mi) e^+^^2-mr^^'^''(P'^)- 
Compare this with Lemma [10.4| (i), then the result follows. □ 
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Lemma 10.8. Wp^x is a corepresentation o/(M, A), i.e., 

(A®Id)(iyp,J = (iyp,.)l3(Vrp,.)23. 

Proof. We use the structure formula for the Qp,^ operators from Lemma 10. 4| . For i = 1, 2 let 
mi,ni eZ and Pi,ri,Si, U G Ig- Def ine f or i = 1, 2 the elements fi, Qi e IC hj fi = fn^p^u 
Qi = fmi,r,,si- By Lemmas |10.4| and |10.7| we have 

= St^ti^sisiQpAPi^P-i^ n)Qp^x{ri, r2, m) 

axAri,Pi)ax2{r2,P2)QpAxu X2, n + m), 

agn(a;i)=sgn(piri) 
agn(a;2)=sgn(p2f'2) 

where n = n2 — rii and m = 1712 — mi. Similar as in the proof of Proposition 4.10 , see §7]3, it 
now follows that 

where W E B{IC ® IC) denotes the multiplicative unitary. We rewrite the right hand side as 

Ki,.. ® ^h,h ® Id) {{w* ® i)(i ® w;a{w ® 1)), 

then we conclude that l^i*2(Vr; J 23^^12 = (W^;,j23(W^;,Ji3- Using A{y) = W*{l®y)W for 
y G M, it follows that (A ® ld)lWpA = {WpJi3{Wpj23- □ 

Lemma 10.9. Wp^x is unitary. 



Proof. For i = 1,2 let mj, rij G Z, pj, tj G Iq, Si, rji G {— , +}. Using Lemma |10.6| we find 

W^p,.(/™2,P2,t2®<r(P,a;)) = 

^ C{erix;xiP2/PiP) - n2,sgn{pi)e2,sgn{p2)r]2;pi,P2,2n2 - xiP2/PiP)) 

^ ix{P2/pip)+m.2-2n2,pi,t2 '^x(P2/pip)-n2 

Let Wr be defined as in the proof of Lemma |10.6| , and for i = 1,2 let (7^ G L'^{I{p, rii, Si, rji)). 
Using ( p.5| ) it follows that 

if mi pih ® VrT(/m2P2t2 ^92)) = 

(-q)^^--^^sgnipi)^^P^^sgnip2r^P^^(f.m2,P2,t2 ® W^^(/-m,p,ii ® ^^2) 
In the same way we find from Lemmas p.0.71 and |10.4| (iii) 

/mi,pi,ti ® e^V*" (P' ^P,2. (/m2,P2,t2 ® ^a"" (P' ^)) 



(-g)'"-'"^sgn(pi)>^(^^)sgn(p2)^(^^)(/-n.2,P2,*2®e^fHP,a:),l^;^^ 

It is now straightforward to check that Wp^x is obtained from Wr in the same as W*^ from 
in the proof of Lemma |10.6| . Then it follows that Wp^x is an isometry, as is W*^, hence 
Wp^x is unitary. □ 
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It is a direct consequence of the proof of Lemma |10.6| that the corepresentations Wp^^ occur 
as principal series in the left regular corepresentation W of (M, A) as in Proposition p.6| . Let 
us give the intertwiner explicitly. 

First observe that we have 

ICc{p)= /C(p,e,r/)n/C„ 

e,v&{-,+} 



where 



We define 



fm^ [ (T^'l/m) {evx) e'^{p, x) dx, 



where fm = fmip,£,v) ^ ^c{p^fn,e,vi). The intertwiner Ip : IC{p) j^Cp^^dx which 
implements the equivalence in Proposition ^]6| is given by 

e,r,e{-M 



re,'? 

Lp . 



Remark 10.10. In Section the ?7q(su(l, l))-representations 7rx:(p,£,77) on IC{p,e,ri) are de- 
composed into irreducible *-representations. Let t^kXPi ^i v) be the ?7g(su(l, l))-representation 
nic{p,e,r]) restricted to ]Cc{p,£,v)- Using the decompositions from Section see Theorems 
8l|, |l6| and ^J^, we see that 

'^IcAP,£,V) = / n(~evx),e(p)dx, 



-1 



where b{y), y E [—1, 1], is the unique number in [0, —2^] determined by = y. Here 

we regard x) as a t/g(su(l, l))-module as explained in Remark |10.3| . The operators 

Jp''^ are the precisely the intertwiners for the above equivalence. Here we regard il ,^{p,x) as 
f/q(su(l, l))-modules corresponding to the principal series nb(-er]x),e{p) as explained in Remark 



Next we decompose the principal series corepresentations into irreducible corepresentations. 
We need the following closed subspaces of Cp^x- 

^l,x = Span{ e++(p, x) + i^^P'^e;^{p, x), e+"(p, x) - i^'^^^e^{p, x) | m e zl, 

(10.5) 

^l,x = Span] e++(p, x) - i^^^^e^ (p, x), e+ (p, x) + z^(P^e^+(p, x) \meZ\. 



Lemma 10.11. The spaces C^ ,^, j = 1,2, are orthogonal Wp^x-invariant subspaces of Cp^x- 

Proof. The orthogonality of ^ and £p ^ is immediate from their definitions. Using the actions 

( |10.2| ) of the generators of M it is a straightforward exercise to check that Op^^, j = 1, 2, are 
VTp^i^-invariant. □ 
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For j = 1, 2, we denote by W^ ,^ the restriction of Wp^^ to the subspace Op^^. 

Proposition 10.12. For x ^ the corepresentations W^^, j = 1,2, are irreducible. 

Proof. We prove the irreducibihty of Wp^^ in case x 7^ 0, for Wp ,^ the proof is similar. Let 
L be a nonzero closed ^.-invariant subspace of C^^^. We choose a nonzero vector v E L. 
For A; G Z, let Pk denote spectral projection of K onto the eigenspace corresponding to the 
eigenvalue q'^p^, i.e., Pk is the orthogonal projection onto Span{e^,'^(p, x) \ e,ri E { — , +} }, see 
( |1U.2| ). We have v = Ylik& ^k^, and since f 7^ 0, there exists an m G Z such that P^v 7^ 0. 
Since K is affiliated to M, the projection Pm belongs to M, implying PmV G L. Now let C±x 
denote the spectral projections of the Casimir Q onto the eigenspaces corresponding to the 
eigenvalues ±x, then P^v = CxPmV + C^xPmV, so one of the vectors C±xPmV is nonzero. Let 
us assume CxPmV is nonzero, then it is a nonzero multiple of e^{x,p) + i^^'^^e^ {x,p), and 
it belongs to L since Cx G Mp,x- Applying Uq~ shows that e^~(x,p) — i^^^^e^{x,p) G L. 
Finally, applying the isometries in the polar decompositions of E and E* repeatedly, we find 
that the vectors e^"'"(x,p) + i^^^e'i^~ {x,p) and e^~{x,p) — i^^''^e^~^{x,p) belong to L for any 
G Z, hence L = C^ ,j.. If CxPmV = 0, then C^xPmV 7^ 0, and similar arguments show again 
that L = £p .J,. □ 

In the proof of Proposition |10.12| we used the Casimir operator Q to distinguish between 
the spaces Span{e^"'"(p, x), e~~(p, x) | m G Z} and Span{e^~(p, x), e~"'"(p, x) | m G Z}. For 
X = we can no longer do this, because now the restriction of fl is the zero operator, so it 
is possible that there are nontrivial irreducible subspaces inside C^^ and C^ q. We define the 
following closed subspaces of Cpfi. 

C'pI = S^{e++(p, 0) + ^^(^)e„-(p, 0) + t^^^^^^'e^- {p, 0) + z(-l)^(^)+^e„+(p, 0) | m G z}, 
Cl'', = S^{e++(p, 0) + ^>^(^)e--(p, 0) - z^(^)+^e+"(p, 0) + z(-l)>^(^)e-+(p, 0) | m G z}, 
= S^|e++(p, 0) - z'^^^^e'-lp, 0) + z^(^)+^e+-(p, 0) + z(-l)x(p)e-+(p, 0) | m G z] 



= Span|e++(p, 0) - 2'^(^)e-~(p, 0) - ^^(^)+^e+-(p, 0) + z(-l)^(P)+ie-+(p, 0) | m G z|. 



Observe that £^_o = -^p'o ® i = 1; 2. 

Proposition 10.13. Assume x = 0. 
(i) For x{p) odd, i.e., e{p) = |, the corepresentations W^q, with j = 1,2, are irreducible, 
(a) For x{p) even, i.e., t{p) = 0, the corepresentations Wi'^ = Wpfi\^j,k, with j,k G {1,2}, 

' p,0 

are irreducible. 



Before proving Proposition |10.13| , we note that Propositions |10.5| , |10.12| , |10.13| prove Propo- 
sition 



Proof. We prove the proposition for j = 1. The case j = 2 is proved in the same way. 

Let L be a nonzero closed p'i'^'^^^i^^t subspace of CpQ. In the same way as in the proof 
of Proposition |10.12| it follows that the vectors 
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are in L for some (yet to be determined) constant , and every vector in L can be expanded in 
terms of the vectors fm{cm)- Here we use the shorthand notation = e^(p, 0), e,!] E {—, +}. 
Applying U^^ we find 

U^^Ucm) = c^^^(^n-l)" [e++ + ^^^^)e;„- + (-l)x(p)+ic-ie+- + (-^)x(p)c-ie-+ 

Since Uq'^ fm{cm) must be in L, we see that Cm satisfies Cm = ■, so that 

„ L,-X(P) + 1 

Let us write = and = /„(-zX(p)+1)^ then ^'/q = S^{/i?, \ m e Z} for 

j = 1,2. Observe that = dmfm+i fo^' some constant dm- Let us assume that G L. 
Applying U^' to gives us 

\-iy(p)+HxiP)+ifi^^ X(p)even, 
(_l)^'{p)+i,x{rt+i/2 ^ odd, 

so for even we have L = C^^, and for x{p) odd we have L = £p J © C^'^ = Cp Q. If 
assume G L, we find in the same way that L = C^^ for x{p) even. □ 

10.3. Complementary series. Let p G g^^, i.e., e(p) = 0, and let x = ±/i(A) with A G (g, 1). 
Note that x is noi in the spectrum of the Casimir operator in the left regular corepresentation, 
which is described in Section pTT| . Let Cp^^ = ®£r)e{- +}^e,v^P^-^) with orthonormal basis 
{ef;^{p,x) \ n E Z, 6,7] E { — ,+}}, similar as for the principal series corepresentations. We 
define a unitary corepresentation Wp^^ G M ® B{Cp^x) by 

Wp,x{fm2,P2,t2®^n2'^KP^^)) = 

^ C{eT]x;xiP2/pip) - n2,sgn{pi)e2,sgn{p2)r]2;pi,p2,2n2 -xiP2/pip)) 

■Y f , , X 5>, „sgn{pi)e2,sgn(p2)»?2/ \ 

^ Jx{P2/pip)+'m2-2n2,pi,t2 ^ ^x{P2/pip)-n2 \P^-^)- 



we 



with the function C from Proposition |9^. Initially, the function C, as a function of x, is 
only defined on the spectrum of Q, but using the explicit expressions for A and S (see the 
definition of C in Proposition |9.4| ), we can also define C for x = ±yu(A) with A G (q', 1)- 
Observe that the denominator of A{X;p, 171,6,1]), contains factors with the square root of 
(— g^~^"'A/p, — g^~^"'/pA; g^)oo for a certain n G Z. Assume —A G {q,l), then this infinite 
product is positive for p G , but for p G it is not. For this reason we require 

that p G g^^ or e(p) = 0, see ( |8.25|) . This corresponds nicely with the situation for the 
principal unitary and complementary series representations of SU{1, 1) and f/q(su(l, 1)), see 
Section p.4| . Formally the above defined corepresentation corresponds to the definition of the 
principal series corepresentation Wp^x from Lemma p.0.6| . In particular, the actions of the 
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generators of M on the basisvectors ef^{p,x) are given by 

t/o+-e^^(p,x)=r/(-ir(^)e^-''(p,x), 
[/o-+e^^(p,x) = er/^(^)(-l)"^e-'''(p,x). 

We call PVp,a; the complementary series corepresentation of (M, A). In order to show that 
this is indeed a unitary operator, we need to find orthogonality relations and dual orthogonality 
relations for the functions C in case x = ±/i(A) with A G {q, 1). These relations are obtained 
in Corollary |11.4| from the orthogonality relations for the function C by analytic continuation. 



The fact that Wp^^ is indeed a corepresentation is proved along the same lines as for the 
principal series corepresentations. Here we need to show that the product identity from 
Lemma |9.9| remains valid for x = ±/i(A) with A G {q, 1). This is done in Lemma |11.1| . 

Finally, in the same way as Proposition |10 . 1 2 it can be proved that the subcorepresentations 



^p,x — ^p,x\c^ ' with the subspaces C^^^-, j = 1, 2, defined as in (|10.5|) , are irreducible. 

IL Identities for special functions 

11.1. Summation formulas from the action of Q{pi,p2,n). We start by proving the 
summation formulas in Section |6.3| , which essentially follow by the action of Q{pi,p2,n) with 
respect to the spectral decomposition of the Casimir operator. 

Proof of Theorem \6.1(\ . In Lemma |9.4| we computed how the operator T{pi,p2,n) defined by 
( |9.1|) acts on functions in L'^{I{p,m,e,r])). In this computation we actually proved a summa- 
tion formula involving the functions ap{z,w) and the orthonormal functions gz{x;p,m,e,r]), 
which are essentially Al-Salam-Chihara polynomials and little g^-Jacobi functions. Here we 
write out explicitly, i.e., in terms of basic hypergeometric functions, the summation formula 
corresponding to the case e = rj = +; in this case both gf^-functions appearing in the formula 
are little g-Jacobi functions, i.e., non-terminating 2V5i-functions. This is a rather tedious, but 
straightforward computation. The second case follows similarly using e = rj = —. □ 



The product formula from Lemma leads to the summation formula in Theorem |6.12 



with the same structure as the formula from Theorem 5.10 



Proof of Theorem \6.13{ . We first write the formula from Lemma in terms of the S'-functions: 



sgn(ri)5(i-«g'^(Pi))sgn(r2)5(i~^s'^(P2»+'^^(sgn(rir2)A; pi, p2, n)S{X; ri, r2, m) = 

acci{ri,pi)a^.^{r2,p2)S{X;xi,X2,Tn + n), i^^-^) 



where we denoted y = —sgn{pip2rir2)fi{X) and canceled common factors. Now the result 
follows from expressing the ^-functions as 2V'i-functions and the aa.-functions as \E'-f unctions, 
see Proposition p.lO| and Definition |6.2| . □ 
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Observe that the sum in Theorem |6.12| is actually a single sum. If we denote Xi = 
sgn{piri)q^ , then X2 = sgn{p2r2)q^ , and we can write the above sum as a sum over k where 
/c e N if sgn(piri) = — or sgn(p2'"2) = — , and k E Z ii sgn(piri) = sgn(j92'"2) = +• Fur- 
thermore, if we set ri = pi, r2 = P2 (this implies m = —n), and we use the second sym- 
metry relation from Lemma [B.ll| for the function S, the left hand side in ( |1 1 . Ij ) contains 
the product S{\'^^;pi,p2,n)S{\;pi,p2,n), which is positive (this corresponds to the operator 
Q{pi,P2,n)*Q{pi,p2,n)). So we find 

(_l)x(P2M)sgn(p^)x(Pi)sgn(p2)x(P2) J2 a,,{p,,p,)a,,{p2,P2)S{X-xi,X2,0) > 0. 



This leads to Corollary |6.13 



For the definition of the complementary series corepresentations of (M, A) in Section |10.3 
the following lemma is crucial for showing that it is indeed a corepresentation. 

Lemma 11.1. The identity from Theorem |6'. iij is also valid for X G (5', !)■ Consequently, if 
n + m E 2Z, the product formula for the function C in Lemma \9.[^ (i) also holds for y = /i(A) 
with X G (g, 1), 

Proof. First we prove that the identity from Theorem |6.12| , or equivalently ( |1 1 . 1|) , is also valid 
for A G (g, 1). Actually, we prove a stronger result: the identity ( p.l.l| ) holds for all A G C\{0}. 
Recall that, for pi,p2 G Iq and G Z, the function S{-;pi,p2,n) is analytic on C \ {0}. So 
clearly the left hand side of ( |1 1 . 1| ) is analytic in A on C\{0}. We show that the right hand side 
of ( p.l.lj ) also defines an analytic function, then the result follows from analytic continuation. 

Let ri,r2,pi,p2 G Iq and n,m E Z. Assume A G K C C \ {0} where K is a compact set, 
then there exists a constant B > such that |A| < B and |A^^| < B. We define (7 : — >■ M by 



gSxW^xW^ X <q, 

q-{n+m)x{x) ^ X > 1. 



By Lemma p.l2| there exists a constant C > such that 

|S'(A;xi,X2,n + m)| < Cg{\xi\), 



for (xi,X2) G A. Furthermore, by Lemma p.4| there exists a constant D' > such that 

Mr,p)\ < Z}'gX(xO[x(r/p)-f]g§xW^^ ^^r,p G Iq, 

so that 

for some constant D > 0. Because of the factor g^(^)^ the sum 

qXix)lxirir2/piP2)-3]qXix)^ g(^rf.'^ 

X 

converges absolutely. Here the sum is over x G g^ in case sgn(ripi) = — or sgn(r2j92) = — , 
and over x G g^ in case sgn(ripi) = sgn(r2P2) = +• It follows that the right hand side of 
( |1 1 . 1| ) converges uniformly on K, hence it is analytic on K. 
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Finally, let ±A G (g, 1). We multiply ( |mD by 

^1 (i-ssnfoiri))^i(i-sgn(p2r2)) A{-sgn{pinp2r2) X] p, k + m + Ti, sgn(piri)£, sgn{p2r2)v) 

A{-X;p,k,e,r]) 

then we obtain the desired product formula for the function C as in Lemma |9.9| (i), with 
y = -sgn{pirip2r2)fi{X). □ 

Let us remark that with the same arguments as in the proof of Lemma it follows that 
the product formula for the function C holds for all A G (0, 1) \ g^" ii n + m G 2Z. Note 
that the points A G correspond to discrete series corepresentations, and at these points 
the product formula is of course also valid. In this case the functions A are essentially square 
roots of residues of c-functions. 

11.2. Biorthogonality relations. In the proof of Lemma p.O.(j| we obtained orthogonality 
relations for the function C for the case x = fi{X) with A G T. These relations lead to 
biorthogonality relations for the 5* functions, which by analytic continuation hold for all 
A G C \ {0}. We need these biorthogonality relations for ±A G {q, 1) in order to show 
that the complementary series corepresentations are unitary. 

Lemma 11.2. Let XeC\ {0} and m G Z. The set 

{P2 ^ S{sgn{pi)X;pi,p2,xiPiP2) + m) \ pi E /J 
is basis for i'^ {I g) with dual basis 

{P2 ^ ^(sgn(pi)A ^■,pi,p2,xiPiP2) +m) \ pi G /J. 

Similarly, the set 

{pi ^ S'(sgn(pi)A;pi,p2,x(PiP2) + m) \ p2 E /J 
is a basis for i'^{Iq) with dual basis 

{pi S'(sgn(pi)A ^■,Pi,P2,xiPiP2) +m) \p2E /J. 

Proof. First assume x = /i(A) with A G Tq. From unitarity of Wp^x and the explicit expressions 
for W*^ and Wp^^, we obtain orthogonality and dual orthogonality relations for the matrix ele- 
ments C. Indeed, from writing out Wp,xW*Jfn,p,t^ ® e'^-xCPif'^^' = ® e^-Sif'^^' 
we find, for p[ E Iq and y = erjx, 

^pip'i = ^C{sgn{p2)y;m- xiPi),sgn{pi)e,ri;pi,p2,xiP2Pi/p) -2m) 

X C{sgYi{p2)y]rri - x{.p'i)^^m{.p'i)^^mp'i^P2,x{.P2p'i/p) -2m), 

and from writing out Wl^Wp^x[fm2P2t2 ® 4(P2°/p)-m(P' ^)] = /"^2P2t2 ® e^(^lfj^^\{p,x) we find, 
for p'2 E Iq and y = erjx, 

^P2P'2 = ^C{sgn{p2)y;m- xiPi),sgn{pi)e,r];pi,p2,x{PiP2/p) -2m) 

pie/9 

X C{sgn{p2)y;m- xiPi),sgn{pi)e,r];pi,p2,xiPiP2/p) -2m). 
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Expressing the functions C in terms of the functions 5, see Lemma p.4| , the first orthogonahty 
relation gives, for A G T, 

^ ^ ^ A(sgn(p2)A; p, xiP2/p) - m, s, sgn(p2)?7)A(sgn(p2)A~^; p, xiP2/p) - m, e, sgn(p2)^) 
% A(sgn(pi)A;p,m - sgn(pi)£:, ?7)A(sgn(p'i)A-i; p, m - sgn(p;)£:, 

X S{-sgn{pi)X;pi,p2,xiPiP2/p) -2m)S{~sgn{p[)X~^;p[,p2,xiPiP2/p) -2m). 
We use A{\)A{\-^) = |A(A)p = 1, then we obtain 

^pip'i = 5Z '5'(-sgn(pi)A;pi,p2,x(PiP2/p) - 2m)S'(-sgn(p'i)A"^;Pi,P2, x(p'iP2/p) -2m). 

From Lemma p.l2| (iii) and (iv) it follows this sum converges uniformly in A on any compact 
set of C \ {0}. Since the function S is analytic for A G C \ {0}, by analytic continuation the 
orthogonality relations are valid for all A G C \ {0}. In the same way we find from the second 
orthogonality relations for the functions C, for A G C \ {0}, 

^P2P'2 = $Z 'S'(-sgn(pi)A;pi,p2,x(PiP2/p) - 2m)5'(-sgn(pi)A"^;pi,P2, x(PiP2/p) - 2m) 

In order to show uniform convergence here, we also need the third symmetry relation for S 
from Lemma [B.ll| . Now replace —A by A, and — ^(p) — 2m by m, then we have biorthogonality 
relations in i'^{Iq) for the functions S{sgn{pi)X;pi,p2,x{PiP2) +rn) with respect to pi and p2, 
which implies that they form a basis for i'^{Iq)- □ 

The biorthogonality relations in Theorem |6.14| follow from Lemma [LL2| using 

s{pi,P2;X,m) = S{sgn{pi)X;pi,p2,xiPiP2) +m). 

Remark 11.3. By the third symmetry relation for S from Lemma p.ll| the two biorthogo- 
nality relations for S from Lemma |11.2| are actually equivalent. It is also useful to observe 
that for A G T the biorthogonality relations are orthogonality relations. 

To prove unitarity for the complementary series corepresentations we need to write the 
biorthogonality relations from Lemma |11.2| in case ±A G {q, 1), as orthogonality relations for 
the functions C. 

Corollary 11.4. Form G Z, p G g^^, £,''1 ^ ^'^^ U = '^^^h A G (g, 1), the 

following orthogonality relations hold: 

^pip'i = ^C{sgn{p2)y;m - x{pi),sgn{pi)e,r];pi,p2,x{P2Pi/p) - "^m) 

X C{sgn{p2)y;m- xip'i),sgn{p[)e,r];p[,p2,xiP2P'i/p) -2m), 

^P2P'2 = ^C{sgn{p2)y;m- xiPi),sg'^iPi)£,V;Pi,P2,xiPiP2/p) -2m) 

X C{sgn{p2)y;m- xiPi),sgn{pi)e,ri;pi,p2,xiPiP2/p) -2m). 
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Proof. This follows from Lemma |11.2| and the observations that 

C{sgn{p2)y;m- sgn(pi)£:, r^; pi, ps, xfepi/p) - 2m) = giX)S{-X;pi,p2,xiPiP2) +m), 

where g{X) is given by 

n(\) - s*xnr« ]rha--^-(Pi)Jn--^-(P2)+x(P2P.) M^g^iP2)X; p, x{P2/p) - m, e, Sgn(p2)^) 

yl(sgn(pi)A;p,m - sgn(pi)£, r^) 

and from A{X)A{\~^) = 1, which follows from the definitions of A, see § [B.6| . □ 

11.3. Proof of the summation and transformation theorems. In this subsection we 
prove Theorems |6.5| and |6.8| . The theorems are reflections of the structure constants for the 
product in M, see Proposition [4.1CI| , and of the coproduct A of the dual quantum group acting 



on Q{pi,p2,n), see Proposition ^.15| . Inspection of the proofs, see Section |7]^, shows that 



both results follow from the pentagonal equation W12W13W23 = W23W12 for the multiplicative 
unitary W. However, as remarked in Remark |6.9| , the results in Theorems |6.5| and |6.8| cannot 
be obtained from each other. 



Proof of Theorem \6. 4 We start with the result of Proposition 4.10| and we next let the corre- 



sponding operator identity act on f-i^eripqh,z ^ ^(p? Ij ^1 v)- Lemma ^[T] shows that 

Q{Pi,P2, n) Q{ri, r2, m) : /C(p, /, e, r]) /C(p, l + m + n, sgn{ripi)€, sgn{r2P2)r]) 

is non-zero precisely if g^^p = g"™!^] and g2/+2mp _ g-n|2i|_ j^-^ particular, in case i?"""!!^! 7^ 
gm|ra| Q{pi,P2,n) Q{ri,r2,m) = 0. 

In order to calculate the appropriate matrix coefficient we proceed for 

f-l-m-n,sgn{ripir2P2)evpq'+'^+"w,w ^ ^P, I + m + U, Sgn{riPi)€, Sgn{r2P2)v) aS 
{.QiPli P2i ^) Qir^i ^2? f~l,£ripq'z,z: /'— i— m— ?i,sgn(ripir2P2)£'7P9'''''"^"w,w) 

^ ^ ^2) ^TT'^ f —l^eripq'- z,zi f —l—m,sgn{r\r2)£ripq^+™-u,u) 

u£j(p,l+m,£sgn(ri),risgn{r2)) 

^ (Q(Pl)P2) f—l—m,sgn{rir2)£ripq^+"^u,uy i— m— n,sgn(ripir2P2)£W9'^'"^"''^i^) 

using the orthogonal basis for the intermediate space }C{p,l + m, £:sgn(ri), r7sgn(r2)). In this 
sum we can use ( |7.13| ) twice, and using ( |7?1| ) we find that this equals 

5|Il|p,g-2i-m 5||i|p^q-2i-2™-n ^ — , m) a„ , w) 

uGlq so that sgn(ii)— sgn(r]^ )e f 1 1 2l 

and £r7sgn(r]^ 7'2 )pq^~'~"^ w£/q ^ ^ 

X a£rjpq'z{r2, er]sgn{rir2)pq^^"'u) a^^^^^^rrr2)pq'+'^u{P2, sgn{ripir2P2)er]pq^^"'+''w) 
Next observe 

Q{xi, X2, m + n): IC{p, I, e, rj) — > /C(p, l + m + n, sgn(xi)£:, sgn(x2)?7) 
is non-zero only if g^'p = q~''^~"'\^\, so that the double sum in Proposition ^.10| reduces to 



a single sum. Moreover, by Definition |6.2| shows that in the sum the functions axXfi,Pi) for 
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i = 1,2 are non-zero only if sgn(xj) = sgn(rjpj) for i = 1,2. So the matrix element for the 
expression on the right hand side is 

^ ] O'xii^ly Pi) 0-3:2 (^"2) P2) {Q{-^ly -^2) Tn -\- n) f-l^eripq'-z,z: f-l-m-n,sgn{ripir2P2)£ripq^+"^+"w,w) 

and this reduces to a single sum and the summand is evaluated by (|7.13| ). By eliminating X2 
and renaming Xi by x we see that this equals 

^ — ax(ri,pi)a4a;,u;)a|^|3g„(^2P2)pg2i+m+n(r2,P2) 

x^Iq so that sgn(x)=sgn(T']^p]^) / -1 1 

and lx|sgn(r2P2)P9^' + '"+"e-f<J \^^-'^) 

X a£W^(|a;|sgn(r2P2)w^''^™^", sgn(ripir2P2)£W^"'^"^i^) 



Finally, equating ( |11.2| ) and ( |11.3| ) gives the result, where the conditions on the parameters 
in Theorem |6.5| follows from the fact that the matrix elements are taken with respect to vectors 
in the GNS Hilbert space. □ 



Proof of Corollary \6. % Observe that by Lemma 

Q{ri, r2, -m) Q{ri, r2, m) = (-g)"™sgn(ri)^^''i^ sgn(r2)'^^'"^^ Q{ri,r2, m)* Q{ri, r2, m) 
so that 

(-g)™sgn(ri)^(''i) sgn(r2)^^'''^ (Q(ri, r2, -m) Q{ri,r2, m) f-i,sr,pq'z,z, f-i,enpq'z,z) 



\\Q{ri,r2,m) f^i 



g2Z^2p2 (114) 



uj^J{p,m+l,£sgn{ri),r)sgn{r2)) 



by Lemma |7[T|, see in particular ( |7.15| ). We are interested in the case Q{ri,r2,m) f-i^eripqh,z 7^ 
0, so we assume g^'p = The case that this sum can equal zero, is already covered by 



Theorem |6.5| . Since the right hand side is obviously positive, and the left hand side is (up to 
the factor in front) equal to ( |1L3| ) with pi,P2, n, w replaced by vi, r2, —m, z. Since we assume 



q2ip _ q -^g replace p by g ^ ^^l^^l) and moreover, we use the third symmetry of 

twice, to find 



-g)™sgn(ri)'^("^) sgn(r2)^("^) /_iy ^x(-)^'+m+x(^r2/n)^ 
x^ a^(ri, ri) a^{z, z) a^g-™|ra|(r2, r2) a^q-^\r^\{er]{y\q''^~^ z , er]\'^\q~"'~^z) 



x^q so that 



||Q(ri,r2,m)/_;_^^|r2|5 



-m — l 1 



|2 > 



where the right hand side can be evaluated explicitly as a sum of squares by ( |11.4|) with p 



replaced by g ^' | ^ | • This proves the general statement of Corollary |6.7| since the condition 
on the summation parameter x is always satisfied. 
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For the final statement on g-Laguerre polynomials we observe that for sgn(p) = + and 
sgn{y) = —, or y = — k G Nq, we have from Definition |6.2| and ( |6.3| ) 



So we choose ri = —q^^"-, = —q^^^, z = —q^^^, eri\^\q~"^~'- z = —q^^'^ with a,b,c,d G No, 
so we replace Ihjc + b — a — m — d and take e = —, rj = —. We replace mhj b — a — e with 
e G Z, discard the positive x-independent terms and find 



Lf\q'x-'; q') Lf{q^x-'- q^) Lf\x^W-''- q') 4°)(x-^g^-^- q') > 0. 

Now putting X = q^^^, A; G Z, and using the theta-product identity ( [B.l| ) twice and not taking 
into account the ^-independent positive terms we find 

2k 

E i_2k_\k-.e 2, <f) Lf\<f^ <f) {q^'-'^, q') Lf{q-'-^^, q^) > 0. 

Relabeling and switching to base q proves the required statement. □ 

Proof of Theorem \6.8i . For the proof it is easier to start by conjugating the result of Proposi- 
tion 4.151 with the flip operator to obtain 

E Q{Pi,P,m) (g) Q{p,p2,n-m) = W {Q{pi,p2,n) (^ld)W*, (11.6) 

p£lq,meZ 

which is a consequence of the proof of Proposition |4.15| . We let both sides act on 

G /C(ri, mi, (g) IC{r2, ms, 62^2) 

and we take inner products with 

f—mi — Af,crsgn(pi)eir;ig'"i+'^^riuii ,wi ® /'— m2— n+Af,CTSgn(p2)e2f?2 9'"2+"~-*^r2Ui2,ui2 

G /C(ri, mi + M, sgn(pi)£:i, ar]i) (g /C(r2, m2 + n - M, ae2, sgn(p2)'72)- 

Then the sum over Iq and Z reduces to a single term by a double application of ( [7.13|) . 
Indeed, we find that we need m = M and sgn(p) = a for a non-zero contribution, but also 
both the conditions qr2mi+M _ |^_| ^nd qr2m2+n-A/ _ 1 p2_| ^ggfj satisfied. So for the 

matrix element of the left hand side of ( 11. 6| ) to have a single non-zero term we require 
^^^_^^2mi+2m2 _ g"n|22|^ g^^^^ |.]^jg ^.g^gg |-]^g jgf^ hand side equals 



I pi 



a^i (pi,Wi)a£i^,gmi^^^^(cr|pi|rig^'"i+*^,ei77iM;icrsgn(pi)rig'"i+^) 
X a,,(abl|rlg^"^+*^^i;2)a,„2™l-.2-nb2l.2(P2,^2r/2ag-2"^-"^^-^^^) 

where we have chosen to eliminate r2- Here all arguments of the function ap(x, y) are indeed 
elements of Jg, except possible alpilrig^™^"*"*^ and in case a\pi\riq'^'^^^'^ ^ Jg the expression 
has to be read as zero. 



WOLTER GROENEVELT, ERIK KOELINK AND JOHAN KUSTERMANS 



In order to calculate the same matrix element for the right hand side of (|11.6| ) we rewrite 
this matrix element as 



(^{Q{Pl,P2,n) ® Id) W^*(/-mi,ei,,ig'"irizi,2i ® /-m2,e2»?2g'"2r2Z2,22 ) 5 

(/"— rrti— A/,(TSgn(pi)£ir7ig'"i+*^riuii,'u;i ® m2— n+M,(Tsgn{p2)£2^29'"2+"~*^r2Ui2,«'2 ) ^ ' 



(11.8) 



In this expression we use (|7.1CI| ) twice, with parameters yi, xi (instead of y, z as in ( [7.10| )) for 
the action of W* in the left leg of the inner product and with parameters y2, X2 for the action 
of W* in the left leg of the inner product. The resulting four- fold sum has the advantage that 
the inner product factorizes, and we obtain 



Z2W2 



az2{£iVi(l"'^nzi,yi) as2r,2q"'^r2Z2{xi,eie2r]ir]2yiXiq ™' "V^i^i) 

2/1^/2 

X ayj^{asgn{pi)eir]iq'^^^^^riwi,y2) 

X '3'(jsgn(p2 

)e2r?29'"2+"-*^r-2U>2(^2,£^l£2''?l''?2Sgn(piP2)Z/2a;2<? ""^ ""^ "/^l^i) 
^ i^Q^VliV2)'^^ f—2m-i_~2m2—x{^l^2Zi/x\),x\,zii f~2mi — 2m2 — 2n—x{rir2Wi/x2),X2,wi') 
^ (/ mi+m2+x(»'i''2^i/2:i),eie2'7i'72'7~'"i"'"2j/ia;i/ri2i,yi) 

/mi+m2+n+x(r'ir2Uii/a;2),£i£2»?i»?2Sgn(pip2)<J~'"i~'"2-"y2a;2/?'i'iiii,j/2 ) 



;ii.9) 



where the sum is four-fold; yi,Xi,y2,X2 G Ig so that ei£2^i??2'? ™^ "^^ViXi/riZi G Ig and 

£l£2m'72Sgn(piP2)l/22;2«?"'^'"'"'""/riWl G Ig. 

The final term in the summand ( p.l.9| ) gives three Kronecker delta's, which lead to the 
reduction of the four-fold sum to a double(!) sum since y2 = yi and X2 = sgn{piP2)q"'XiWi/zi 
are required. Substituting this in the matrix element of Q{pi,P2,n) in the summand in ( |11.9| ) 
gives 



) P25 ''^) /~2mi— 2m2— x(''i'"2 2i/xi),a:i,zi ; f—2mi — 2m2—n—xirir2Zi/xi),sgn{pip2)q"xiwi/zi,wi ) 



and by ( |7.13D this equals zero unless rir2 = ^'"^ ^'"^ In case this condition holds we 
see that the matrix coefficient of Q{pi,p2, n) equals 



Zl_ 

Wi 



az^iPu wi) a^i(p2, sgn(pip2)g" )• 
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Eliminating again r2 and using this we find that ( |11.9|) equals 



yi,xi£Iq so that sgn(piP2q^ ^iw-^ / zi£Iq 
and eie:2»7l12'J~™'l~"'-2!/l^l/'"l2l6-fiJ 



Z2W2 



X a 



riZi ■ 



X a 



'^sgn{p2)£2>?2g-2'"i 
Z\ 



a-z^ a^,(p2,sgn(pip2)g 



sgn(pip2)g"a;it(7i/2:i, £ie2'7i'72g" 



Z\ 



11.10) 



Equating ( |11.7] ) and ( p,l.lCI| ) and canceling common factors and relabeling ri, x\^y\ by r, x, ?/ 
then proves Theorem |6.8| except for the sign constraint on y in the sum. This follows from 
Definition |0. □ 



Appendix A. Operators and von Neumann algebras 

A.l. von Neumann algebras. Let if be a Hilbert space, and B{H) the space of bounded 
linear operators equipped with the operator norm ||T|| = sup{||Tx|| | ||x|| = 1}. Apart from 
the topology induced by the operator norm, there are various other topologies on B{H). A 
net {Tj}jg/ converges strongly to T if {Tjxjjg/ converges to Tx for all x E H. A net {Tj}jg/ 
converges weakly to T if {{TiX,y)}i^i converges to {Tx,y) for all x,y & H. A net {Tjjjg/ 
converges strongly-* to T if {Tj}jg/ converges strongly to T and {T*}jg/ converges strongly 
to T*. 

A von Neumann algebra is a unital *-subalgebra M of B{H) which is closed for the weak 
topology. A fundamental property is that M equals its bicommutant M" . The elements of the 
form T*T form the cone of positive elements, denoted by M+. A *-homomorphism is unital 
when it maps unit to unit. 

A linear functional tu: M — C is normal if u: Mi — C is continuous with respect to the 
weak topology, where Mi is the closed unit ball with respect to the operator norm. The space 
of normal functionals form the predual M^, which is a norm-closed subspace of the dual M*. 
The cone of positive normal functionals is denoted . Then M = (M*)* and the a- weak 
topology on M is the 0"(M, M,,)-topology. The cr-strong-* topology is the locally convex vector 
topology induced by the seminorms p^{T) = ^/uj{T*T), pl{T) = ^Ju{TT*) for all a; G M+. A 
unital *-homomorphism ir: M ^ N, M and von Neumann algebras is normal if utt G 
for all a; G iV^,. 

The tensor product of the von Neumann algebras M C B{H) and C B{K) is the weak 
closure M ^ N of the algebraic tensor product M Q N C B{H ® K). For oj G M*, t] E N^: we 
have uj ^ 7] E (M (g) A^),,, as the unique element extending the algebraic tensor product 00 Q t]. 

A. 2. Summation of operators. If we use the symbol © without further mention we mean 
the completed version. Let {Hi)i^i be a family of Hilbert spaces and define the Hilbert space 
H = (Bif^iHi. Suppose that a permutation a : I I and for every i G / a closed, densely 
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defined, linear operator Tj from Hi into i/o-(i) is given. Tlien ©jg/ Tj denotes tlie closed, densely 
defined, linear operator in H with domain 

{v E H \ Vi E D(Ti) for each i E I and ||Tj(t>j)|p < oo } 

is/ 

and so that (©i6/^i)(^) = Eie/ ^^(^i) ^ ^ /^(©ie/Ti). Also recall that T* = ®ieiT*. 

It is also worthwhile to remember that T*T = Q)i(ziT*Ti and |T| = ©jg/ |Tj|. 

A. 3. Commutation. Let if be a Hilbert space. Consider two linear operators S, T acting 
in a Hilbert space H. We say that C T if D{S) C D{T) and Sv = Tv for all v E D{S). 

Let T a densely defined, closed, linear (possibly unbounded) operator in H. If 5* G B{H), 
we say that S and T commute ii ST C TS. If is a (possibly unbounded) self-adjoint 
operator in H, we say that T and A^ strongly commute if T commutes with every spectral 
projection of A^. If T and A^ are both (possibly unbounded) self-adjoint operators, then T and 
A^ commute strongly if and only if their spectral projections commute. This is also known as 
resolvent commuting self-adjoint operators. In this case T + A^ is a closable operator and its 
closure T + A^ is self-adjoint. 

A. 4. AfRIiation and unbounded generators. If M is a von Neumann algebra on H, then 
a densely defined closed linear operator T is affiliated to M (in the von Neumann algebraic 
sense) if if TU = UT for each unitary U in the commutant M'. Then T is affiliated with 
M if and only if T commutes with every element of M' . Moreover, if T is affiliated with M, 
then so are T* and T*T. If T is a positive invertible operator affiliated to M, then so is T~^. 
Also, if T and A^ are self-adjoint operators that are affiliated with M and T and A^ commute 
strongly, then T + A^ is affiliated with M. 

For Ti,...,Tn closed, densely defined (possibly unbounded) linear operators acting on a 
Hilbert space H we define the von Neumann algebra 

N = {xE B{H) I xTi C TiX, and xT* C T*x V i}' . 

Then A^ is the smallest von Neumann algebra so that Ti, . . . ,T„ are affiliated to A^, and we 
call A^ the von Neumann algebra generated by Ti, . . . , T„. 



Appendix B. Special functions 

B.l. Basic hypergeometric functions. Here we recall standard notations from the theory 
of basic hypergeometric functions, see for instance ||17|| . 

We fix a parameter q E (0, 1). The g-shifted factorials are defined by 

{x; q)oo = ~ ^^'')' (^5 = }^'n\ ' X EC, nEZ. 

k=0 '^'"^ 

In particular, for n G N we have (x; g)„ = (1 — a;)(l — qx) ■ ■ ■ (1 — q^~^x). Considered as a 
function of x, the g-shifted factorial (x; g)oo is an entire function. Moreover, (x; g)oo = if 
and only if x G For products of g-shifted factorials we use the shorthand notation 

(xi, X2, . . . , Xfc; q)n = (xi; g)„(x2; ?)„■■■ (x^; g)„, n G Z U {oo}. 
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A formula that we frequently use is the 6'-product identity: 

(g'^x, gi-Vx; g)oo = {-xr'q-'^'^-'^/^ (x, q/x; qU, xeC\ {0}, k e Z. (B.l) 
For r, s G No the basic hypergeometric series is defined by 

f Xi,X2, . . . ,Xr \ _ iXl,X2,. . ■ ,Xr;q)k (r xfc fc(fc-l)/2 V"^^""' ^fc 

V 1/1, 1/2, •• -,1/5 / ^ (g,2/i,i/2,...,?/s;g)fc V J 

Here we assume G C for z = 1, . . . , r, ?/j G C \ for z = 1, 2, . . . , s, and 2; G C. If r < s, 
the series converges absolutely for all ^ G C. If r = s + 1, the series converges absolutely for 
\z\ < 1. In case r > s + 1, the definition of the basic hypergeometric series only makes sense 
if Xi G g^^" for some z G {1,2,..., r}, i.e., if the series terminates. 

B.2. The functions ap. The functions ap{x,y) for x,y,p G Iq have been introduced in Def- 
inition |6.2| , and these functions play a crucial role in the whole construction. We need some 
more properties of these functions which are described in this subsection. 

We need to study the case ap{x,y) for y E = q^. This is contained in the following 
lemma. 

Lemma B.l. For y E there exists a differentiable function /: ]R>o —>■ M such that 
ap{x,y) = y^^p/^^ f{y~'^). Moreover, f{0) = unless < x/p < 1, and in that case /(O) 7^ 0. 

Proof. Assume y G I^, so that sgn(?/) = +. So in particular, ap{x,y) = for sgn(a;) 7^ sgn(p) 
by Definition B]2| and in this case we can take / identically equal to zero. 



In case sgn(x) = sgn(p) we rewrite the y-dependent part in Definition 6^ before the 
function, 

P yX(p/x) 

y^{py/x)vi-y^;q^)oo = z/(-)v(-i,-?^; 9^)00^====== 

using the theta-product identity ( |B.1| ). Now using s{x,y) = 1 we find 
ap{x,y) = 

m = Cip, X) I ^ ( -/\ ; q\ ^ 

C{p,x) = c,(-l)x(.Hx(.)K^) /"^'"'';7^f,^'''^^ . 

X y (-/t(x);g^)oo 

This gives the required differentiable function /, which is well-defined on (— 00) and even 
real- analytic. The value of /(O) is 

/(o) = c{p, x) J2 = c(p^ ^) (^'^Vp'; q')oo 

by |T7| , (II. 2)], and this is zero if x/p > 1 since x/p G q^ and non-zero otherwise. □ 
The following contiguous relations are useful. 
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Lemma B.2. Consider x,y,p G Iq. Then 

a/1 + K{q-'^x) ap{q~^x, y) = (xy/qp) ap{x, y) - sgn(?/) q'^ a/1 + K{y) ap{x, qy) 

and 

+ ap{qx, y) = (xy/p) ap(x, y) - sgn{y) q a/1 + K{q-^y) ap{x, q~^y) . 
Proof. A proof of the second equality can be found in the second half of the proof of pO 



Prop. 3.9], see also ||30|, (6.3)]. If we apply the second contiguous relation with x and y 
interchanged, we get 

^/l+~K{y) ap{qy, x) = {xy/p) ap{y, x) - sgn(x) q a/1 + K{q'-'^x) ap{y, q~^x) 

and the first contiguous relation follows from the second equality in ( |6.2| ). □ 

The following identity is essentially the second-order g-difference equation for lyji-functions. 

Lemma B.3. Consider x,y,p G Iq. Then 

2 2 

{k{p) - K{y) H — ) ap(x, y) H a/1 + K{q~^p) aq-ip{x, y) + q — a/1 + k{p) aqp{x, y) = . 

Proof. This equation holds trivially if py/x < 0. From now on we assume that py/x > 0. We 
know that the \E^-functions satisfy the following g-difference equation for a,b,c, z & C (see the 
proof of Lemma 2.1 of |jlO|, or take a limit in |l^, Ex. 1.13]) 

(c - az) ^(a; c; q^z) + {z-{c + q'^)) ^(a; c; g^ z) + q^ ^(a; c; g^ z/q^) = . 

Hence, 

(g^/t(x/y) + gV/t/V)) '^(-I'^/i^iy); q^i^{.x/y);q^, q^K{x/q^^p)) 

+ (-g\(x/?/) - g^ + q^K{x/p) ) '^{-q^ /K{y)]q^K{x/y)]q^, q^i^{.x/p)) 

+ q^'^{-q^/K{y)]q^K{x/y)]q^, q^K{x/qp)) = 

Multiplying this equation with y^]? jq^x^ (^_i)x(p)+i y[j)y/x) and using the fact that 
v{py/x) = q~^ (py/x) ^{q'^py/x) = q (x/py) v{qpy/x), we get that 

{k{p) - K{y) +p^y'^/x^) (-1)^^^^ iy{py/x) -^{-q^ / K{y);q^ K{x/y);q^ , q^i^{.x/p)) 
+ {py/x) (1 + K(g"V)) (-1)^^" u{q~^py/x) ^(-gV«;(l/); q'^K{x/y); g^ q^n{x/q'^p)) 
+ q{py/x) (-1)^^'^^^ iy{qpy/x) -^{-q^ / K{y);q^K{x/y);q^ , q^K{x/qp)) =0 
Multiplying this with \/(fi?(p)ig^)oo, it follows that 

= [k{p) - /?(?/) +pV/a;^) (-i)^(^') y{py/x) 

X A/(/«(p);g^)oo ^( - q^/K{y);q'^K{x/y);q'^, q^i^{.x/p)) 
+ — Vl + f^iq-^p) (-l)^^'?''^) viq~^py/x) 

X 



X A/(/t(g ^p);g^)oo ^( - q^ / K,{y)\q^i^{x/y)]q^ , q^K{x/q V)) 
+ ^ Vl + k(j9) (-I)X('^P) zy(gpy/x) 

X \/(K(gp);g2)oo ^( - q^ / K{y)]q^K{x/y)]q^, q^K{x/qp)). 



X 
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Now the lemma follows from Definition |6.2| . □ 

We also need a few estimates involving the functions ap{x,y). 
Lemma B.4. Consider p G Ig and r, s G g^. Then, there exists a constant D > so that 

\ap{x,y) \ < Du{p/y) jxl^^^'/^) 
for all x,y E Iq satisfying \x\ > r and \y\ < s. 

Proof. If sgn(xy) = sgn(p) (otherwise ap{x,y) = 0), then the symmetry relation ( |6.2[ ) and 
Definition |6.2| imply that 



-K{p);q 



•2\ 

oo 



q^K{y/p) 



(-Hi/);r)oo \q^f^{y/p) J 

and \x\ u{px/y) = v{qx) ^{p/y) by Definition |6.1| . Now observe that for x > 0, 

by the ^-product identity (|B.1|) . Furthermore, for x < 0, the set {x E 1^ \ \x\ > r} is finite. 
Hence, it is clear that there exists a constant D > so that | y)\<D v{p/y) \x\^^P'y^ for 
all x,y E Iq satisfying |x| > r and |?/| < s. □ 

Lemma B. 5. Consider p,y E Iq, a > and r G [l,oo). Then, the family ( ap(x, y) 
belongs to P {Iq)- 

Proof. Since \ap{x.,y)\ = \ap{y,x)\ by ( |6.2| ), Lemma |B.4j implies the existence of a constant 
-D > so that \x~°' ap(x,y)\ < Du{p/x) for all x E Iq satisfying |x| < q. 

Next we need an estimate for |x| > 1. If p/y > 1, Lemma |B.4| assures the existence of 
ii^ > so that \ap{x,y)\ < E for all x E Iq satisfying a; > 1. If on the other hand, p/y < 1, 
Lemma p.4| and the fact that \ap{x,y)\ = \y/p\ \ay{x,p)\ by (|6.2|) , guarantee also in this case 
the existence of > so that \ap{x, y)\ < E for all x E Iq satisfying a; > 1. Hence, the lemma 
follows. □ 

B.3. The function S{t;pi,p2,n). The following function is defined as an infinite sum of 
certain limits of the functions ap. Let pi,p2 E Iq, n E Z,. The function S{- ■,pi,p2,n): C\{0} 
C is defined by 

S{t;pi,p2,n) = 



C [sgn{piP2)t) ( 

2esgn(pi)ij^ 

X 1^1 (^-^'/^^^^^) ■,q\q^K{sgn{p,p2)q-z)^ , 

where 

C = C{pi,p2,n) = {sgn{p2)y \piP2\ clq"" -fi:(p2);g^)oo • 



(B.2) 
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The sum is absolutely convergent, so S{ ■ ■,pi,p2,n) is an analytic function on C \ {0}. The 
function S{t;pi,p2, n) can be written as a 2V^i-function. To see this we need a few lemmas. 

In the following lemma the special case h = qis obtained by Koornwinder and Swarttouw as 
a g-analogue of Graf's addition formula for Bessel functions (4.10)]. The proof of Lemma 
B.6| runs along the same lines as the proof used in . 



Lemma B.6. For c G , \u\ < 1, and \hu/w\ < 1, 

oo 



11=— oo 



(g, u, —w, —q/w, —cu/w, bq/c; q)oo f —bv/w, —wq/cu 



{-bu/w,-c/w,-wq/c;q)oo V bq/c 

Other expressions for the sum in the above lemma, for values of u, w, b not satisfying the 
above conditions, can be obtained using transformation formulas for 2V5i-series. 

Proof. Assume \y\ < 1, \sb/x\ < \t\ < \y~^\ and \y\ < \t\. We write the product of the following 
I'l/'i-function and iv?o-function double series; 

f^/^y . f ^^/y y\ ^ ^{x/sy;q)n{xs/y;q)k^ ,^k„n+k+n-k 



Renaming n = m + k, the sum over k can be written as a 2V^i-series. Using Ramanujan's 
I'l/'i-summation formula [|l^, (11.29)] and the g-binomial formula (II. 3)], we obtain 

(g, bsy/x, xt/s, qs/xt; g)oo {-xs/t; q)^ _ 

{b,qsy/x,yt,bs/xt;q)oo i-y/t;q)oo 

^ {x/sy]q)m, fxs/y,xq'^/sy ^^'^^ 



m=—co 



We consider this formula as the Laurent expansion of the left hand side considered as a 
function of t. 

Let us consider two special cases of ( p.3|) . Letting y ^ 0, we obtain 

{q, xt/s, qs/xt, -xs/t;q)^ / im(m-i) 1 f - m 2 



{b,bs/xt;q)^ sj {b;q)m \bq'' 



{b;q) 

In the last line we used the transformations 

m (q = (c, z; g)oo (^'^ ;q,z^ = (c; q)^ o'/'i ^ ; q, cz^ , (B.4) 

which follow from Heine's 2V5i-transformations (III.l), (III. 3)] by letting a,b 0. 

For the second special case we observe that in the above calculations the assumption |s6/x| < 
\t\ was needed for absolute convergence of the bilateral i^'i-series. In case b = q this series 
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can be written as a unilateral series, a iv^o-series, and then the assumption \sh/x\ < \t\ is no 
longer needed. Now setting h = q and x = 0, we find 



\ -1 ' ' J. / m — — ^ 



-I oo / \ m / 9 

1 / M /-r 



where we used ( |B.4| ), and for the last equality we used the t ^ —t^^ invariance and reversed 
the sum. 

Multiplying our two special cases of ( |B.3D , we obtain a second expression for the Laurent 



expansion of the left hand side of ( [B.3| ) considered as a functions of t; 

(g, bsy/x, xt/s, qs/xt, —xs/t; q)^ 



{h, qsy/ X, yt, bs/ xt, -y/ 1; q) 



oo 



{q,-y'^,b,sqy/x;q)^ yj \ 



n=—oo ^ ^ ^ ^ 

{bsy/x;q). 



(g, -y^,b, sqy/x;q)c 

m=—oo ^ n=—oo ^ ^ ^ 



Here we used n + k = m. Comparing coefficients of t in ( |B.3| ) and the above formula, and, to 
get rid of the squares, replacing {—y^, —x'^/b,xy/s) by {u,v,w), we obtain 

oo 

n=— oo 

, (g, u, —qu/w, —w/u, bq"^; q)oo f ~bv/w, —wq^/u 



{—bu/w,—wq'^/u;q)oo \ bq^ 

Observe that by the ^-product identity (|B.1|) , 

^m {-(iu/w,-w/u]q)^ ^ \m{m-l)( l-mi. x _ {-W , -q/ W , -Uq^-"^ / W] q)oo 

i-wq"^/u;q)^ ^ I ^ / , ?Joo ^_qi-n. /^^ _^qm. ' 

then the result follows from writing gi-'" = c. □ 
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Remark B.7. We can prove a slightly more general result along the same lines as the proof 
of Lemma |B.6| , starting with the product 

, / xlsy \ , / xs/y y 

1^1 , iV^i , ;g, -T 



h '"'"7 \ d t 

This leads to the identity 



fc=— oo 



/ ^2Nm i^l sy, q)m{d, -?/^ syq/x; q)^ ^xq"'/sy,xs/y ^ 
{b;q)m{bsy/x;q)oo ^ V bq"^,d 

For d = q this is equivalent to the result from Lemma [B.g . 



The following lemma shows that the result of Lemma |B.6| remains valid for c ^ q~ , if 
we assume u G q^^'\ The 2V'i-series in Lemma [B.6| does not converge in this case, but it 
can be obtained from the 2V^i-series in the following Lemma by an application of Heine's 
transformation Jl^ (III.2)]. 

Lemma B.8. For u = q~^° and \bu/w\ < 1, 

oo 

J2 Q -.q^cq-) m (q = 

ri=— oo 

{q,-w,-q/w,-cu/w;q)oo f-wq/cu,v 

■2^i{ , ■,q,-bu/w 



{~c/w;q)^ V -wq/c 

Proof. Let us denote the infinite sum on the left hand side by S. We write u = q^^ with 
A; e No, then by definition of the ly^i-series, we have 

oo fc oo / _^ \ / s 

This double sum converges absolutely, so we may first sum over n. Using Jacobi's triple 
product identity fT^, (IL28)] we find 

oo 
n=—oo 

Here the second equality follows from the 6'-product identity ( p.l| ). Now S reduces to 



S = (g, -w, -q/w; qU ^ j^(-V«^)'^f^(-cg-7«^)'". 

1=0 m=0 ^^"^ 
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The sum over m can be evaluated with the g-binomial formula |[T^, (II. 3)]; 

2^ (n- ^ '"^ '"^^ 



m=0 



iq;q)m {-cq-^/w;q)^ {-cq-^/w;q)i{-c/w;q). 



-kl ' 



-wq^'^^/c] q)i{-cq~^/w] q)oo 
{-wq/c;q)i{-c/w;q)oo 
using [|17|, (1.9)]. We see that S becomes a multiple of a single sum, 

^ ^ (g, -w, -q/w, ~cq-^/w] q)^ y> (-log^+^/c, t;; g); / hq'^ 
{-c/w;q)oo iq,-wq/c;q)i \ w 

The sum is the 2V'i-series in the lemma. □ 



Remark B.9. In Lemmas p.6| and p.8| the sum E on the left hand side has an obvious 
symmetry {u, c) ^ {v, b). On the right hand side this symmetry is not at all obvious, so there 
must be a 2V'i-transformation behind this symmetry. Let us see how the symmetry follows 
from known transformation formulas. 

Applying the three-term transformation formula [0, (III. 31)] we find 

f -bv/w,-wq/cu 
{bq/ c;q}oo 2^1 y ^^^^ ]q,u 

{v,bq/c,c/b;q)oo f-wq/cv,q/v 

■2^i( ^ , ; g, -wq/bu 



{—cuv/wq,—wq/bv;q)oo \ —q^w/cuv 

^ c {v,cq/b, —wq/cu, —qw/cv, —buv/wq, —q'^w/buv; q)oo / —wq/bv, —cu/w 
b {u, —wq/bu, —qw/bv, —uvc/wq, —q'^w/uvc] q)oo '^'^^ y cq^Jj ' ^' 

where we also applied Heine's transformation (III. 3)] for the second 2fi on the right hand 
side. Observe that the second 2V^i-function on the right hand side is the same as the 2fi- 
function on the left hand side after the substitutions (m, v, c, b) i— >• (w , u, b, c), which is exactly 
the symmetry we are looking for. This shows that the first 2V'i-function on the right hand 
side must vanish, which implies the condition v G g^^" or c/b E g^. Assuming one of these 
conditions, the symmetry {u, c) ^ (f , b) for S is still not clear at this point, because of all the 
g-shifted factorials in front of the 2 v^i -function. To take care of these factors we need to apply 
the 6'-product identity ( [B.l| ) several times. Let us assume that v = q~^, /c G No, then 

-cu/w,-wq/cu]q)^ _ ( _m^^+^ ^ik{k+i) 



-q'^w/cuv,—vuc/wq]q)oo ^ cm/ 
-buv/wq,-q'^w/buv;q)^ _ ( bu\^^^ ^\k(k+i) 



[-bu/w, -wq/bu; q)oo \ wq) 



-wq/cv;q)oo {-c/wq^q^^^^^^ 



'-c/w,-wq/c;q)^ {-cv/w;q), 



I _ f Zl!!l\ i-bv/w;q) 



wq/bv;q)oo \ b J {-b/w, -qw/b; q) 
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which leads to 

^_ {q, -w,-q/w,cq/b, -bv/w,v;q)ao f -wq/hv,-cu/w 

{-vc/w,-b/w,-wq/b;q)oo ^'^^ \^ cq/b '^'^ 

Comparing this with the right hand side in Lemma [B.6| the symmetry [u, c) ^ {v, b) is now 
clear. In case b/c & q^ similar computations must be used. 

Observe that the conditions b/c & q^ and v G g"^" correspond to Lemmas and B.8 , 
respectively. 

We are now ready to obtain a 2 V^i -expression for the function S{t]pi,p2,n). 

Proposition B.IO. The function S{t;pi,p2,n) defined by (|B.2|) can be written as a multiple 
of a 2fi-function: 

S{t;pi,p2,n) =p^gi"("-i)|pip2| iy{pi)iy{p2)cl^ {-f^ipi), -/tfe); g^)oo 

(g^ -q'^/n{p2), -tq^~''/piP2, -piP2q"~^/t,piq^~"'/p2t; q^)oo 



X 



(|pi|gi+"/|P2|t, -pib2|g"""V^> -tg"+^Mb2|; 



^( ( N 2+2n 2N (P^q^^'' IP\t,P2tq^^'' IPx 2 21 ( ^\ 

X (sgn(pip2)g + \q)o.2^xy sgn(pip2)g=^+2n ' ^ ' ) . 

Proof. We substitute z = sgn{pi)q^, k E Z, in ( |B.2| ), then 





K = g3"("-i)p^|pip2| HP1MP2) c5V(-K(pi),-/t(P2);g^)- 

Now we apply Lemmas |B.6| and [B.8|, with g replaced by g^, and 



tg"^ « q,2 q,2 

^ = ~rT~' " = -sgn(p2) — , I' = -sgn(pi)— , b = sgn(pi)g^ c = sgn(p2)g^ 



,2 „ „ ^„ N„2-2n 

P1P2 P2 Pi 

to obtain the desired expression. □ 



The function S{t;pi,p2,n) can be written in terms of several other 2'/?i-functions using the 
following result. 

Lemma B.ll. The function S{t;pi,p2,n) satisfies the following symmetry relations: 

S{t;pi,p2,n) = {qtYS{t]p2,Pi,-n) 

= (-g)"sgn(pi)'^^Pi^ sgn(p2)'^^^''''^" sgn(pip2) S{sgn{pip2)t'^;pi,P2, -n), 

= (-t)"sgn(pi)^(Pi)+"sgn(p2)^^^'''sgn(piP2)5'(sgn(piPt)t"^;p2,Pi,n). 

Proof. The first symmetry relation follows from replacing the summation variable z by zq'^ in 
definition (^). 
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Comparing coefficients of t in ( |B.5| ) gives the transformation formula 

1^1 (q ; q, = a-^' 1^1 (q ; q, , nez. 

Furthermore, as a special case of 0, Prop. 6.6] we have 

i<^iKg = ;q,q/yj, n eNo, y eC\{o}. 



To both iy9i-functions in ( |B.2| ) we apply one of the above transformations; the second one in 
case the lipi is a terminating series, the ffist transformation otherwise. Now we change the 
summation variable from z to to obtain the second symmetry relation. 

The third relation follows from combining the ffist two relations. □ 

Proposition [B.10| and the symmetry relations from Lemma |B.11| imply transformation for- 
mulas between the 2V^i-series involved. For instance, the ffist symmetry relation in Lemma 
B.ll| together with an application of the 6'-product identity corresponds to the trans- 

formation described in Remark p.9| . 

We also need the following asymptotic results for the function S. 

Lemma B.12. Assume t G C \ {0} and k,n E Z. 

(i) For k — > —oo, 

Sit- q'',q\n) = 

(ii) Let a,T E { — ,+}, then there exist constants Ci,C2 independent of k, such that 

S{t; aq\ Tq\ n) = [arq^'f {C^t-'^ + C^t'^) (l + ^(g''^)) , 

for k ^ oo. 

(Hi) Let pi G Iq and r G { — , +}, then for k — >• cxo, 

S{t;pi,Tq'',k + n) = 0{q'). 
(iv) Let pi G Iq, then for k —oo, 

Sit;pu q\ k + n) = 0{q^^\p^tq^~"^f). 

Proof, (i) We use Proposition |B.10| to write S{t; g^, g'^, n) as a multiple of a 2V5i-series. Using 
the ^-product identity ( [B.l| ) we find 



oo -2nkj.n 

— q I 



/oo 



and 

q^'^uiq^n-Kiq'), -q'/niq'^); q'U = q'U 

so that 

;-l,-g^g^gl-V^;g2)^ 



(gi+Vt; g2) 



oo 



s, / 2+2n 2\ I q ^ /titq ^ 2 2-2fe 

X (g + ; g )oo 2<^i ( ^2+2n ' ^ ' 
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From this expression it is clear that S{t] q^, q^, n) = Olq""^^) for k —>■ — oo. 

(ii) Write S{t; aq^, rq^, n) as a multiple of a 2V5i-function using Proposition |B.1CI| . Using the 
three-term transformation formula [|l^, III. 32] and the 6'-product identity ( |B.1|) we find 



S{t-aq\Tq\n)=cl {arq')'y/{-aq^^-Tq^>';q^), 



, arq "/t, -arq^ 7t, -artq 
(g"+V^, -(Tq-"-^/t, -atq^+'^; q^) 



X <^ t 



+ t' 



-k {(^rtq^^'', tq^+'', -aq^+'^/t, -atq-^-""; q^), 
{arq^+^'/t, q^+^'/t, -atq^+'\ -aq-^-"" /t- q^ 



■2^1 



2Vl 



arq^+'^/t, q^-'^/t 

qyt 



2U2 ■.<l\-^<f' 



,1+n -f^l— n 

qH^ 



artq'+'^.tq ^ gfc 

2 ; ? . -<^(i 



From this expression the result follows. 

(iii) By Proposition B.IO and [|l^, (III. 4)] there exists a constant Ci, which is independent 
of fc, such that 



S{t;pi,Tq\k + n) = C^{^rqfqKk+n)^^,(k+n){k+n^i)^l(k~i){k-2)^_ 
x{Tp,q'-''-yt, -rp,q''^+--'/t, -rtq'—''/p,; q')^ 



x(rsgn(p0g'+''^+'";g')oo2¥^2 



7Sgn(pi)g2+2'=+2'^^ —q3+n^p^f 
Using the ^-product identity ( [B.l| ) twice, we find 

^_'^^k q-2nk q-2k{k-l) 



{rpiq'-''-Vt, -Tp^q''^^-'/t, -rtq 



3-n-2A; 



/pi;<i 



Co 



^^tqi+2k+n/p^.q2^^ 

Now we see that for large k there exists a constant C3, independent of k, such that 

\S{t;p,,Tq',k + n)\<C,q\ 
(iv) Assume k < 0. By Proposition B.lOl we have 
S{t; pi, g^ -n~k) = Ci q-Hn+k) ^\{n+k){n+k+i) ^k ^i{k-i)(k-2) ^ 

1 9 yoo 



g,2 2A:^ ggj^j^p^^q,2 2n 2^.^,2^^ Z^,! nj^^^^^^l n j 



(\p,\ql-n~2kH^ _p^q2k+n-l/t^ _tq3-2k-n f p^. ^2)^ 2'^1 



sgn(pi)g 



2-2n-2fc 



2 2-2fc 

g , — g 



for a certain constant Ci independent of A;. Using the ^-product identity ( |B.1D we have 

t ^ k 



-piq 



2fc+n-l 



/t, -tq' 



3-2fc-n 



M;g 



-g^^g^)oo 



)oo — C2 



piq 



n-l 



'k{k-l) 



-g2 2fe;g2)^^ 



SO that, for large there is a constant C4 such that 

\S{t-p,,q\-n-k)\<C,qi'\^-'"^^'\p^/t\K 
Now the result follows from the second symmetry relation in Lemma [B.ll 



□ 
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B.4. Al-Salam— Chihara polynomials. The spectral analysis of Jacobi operators on £^(No 
and £^(Z) plays an essential role in this paper. We refer to Berezanskii Ch.7], Pruitt 



Masson and Repka Kakehi |23|, see also |l33| , App. A], for general information on Jacobi 
operators on We use for general reference. The spectral decomposition of the Jacobi 

operators we encounter are described with the help of certain special functions, namely the 
Al-Salam-Chihara polynomials and the little g- Jacobi functions. In this subsection we collect 
some results and notations for the Al-Salam-Chihara polynomials. Results for little g- Jacobi 
functions are given in the next subsection. 

The Al-Salam-Chihara polynomials were introduced by Al-Salam and Chihara in to 
classify all orthogonal polynomials satisfying a convolution type property. These polynomials 
also have been studied by Askey and Ismail 0, §3] . The Al-Salam-Chihara polynomials form 



subfamily of the Askey- Wilson polynomials Askey and Wilson [Q, Gasper and Rahman ||T7 
§§7.5-7]. 

Consider a, 6 G M\ {0}. For n G No, the Al-Salam-Chihara polynomials Pn{- ; a, 6 | g) : C ^ 
C are defined by 



(Q ^ (XV GL J V 
afo '^'^ 

= {a/y;q)ny 2^1 I ^i-n^/^ ; 



(B.6) 



for y G C \ {0}. The equality in ( TO follows from 0, (III.7)] and holds if q^'^'y/a ^ q-^°. 
We see that for x = fi{y) G M the polynomials P„(x) = P„(x;a,6 | q) are real-valued. The 
Al-Salam-Chihara polynomials satisfy the three-term recurrence relation 

2xPn{x) = P„+i(x) + g"(a + b) P„(x) + (1 - g")(l - abq^~') P„_i(x) (B.7) 

with initial condition P_i(x) = 0, Po{x) = 1. From this relation we see that the Al-Salam- 
Chihara polynomials are symmetric in a and b. Favard's Theorem gives that these polynomials 
are orthogonal with respect to a positive measure on the real line for ab < 1, which from now 
on we assume to hold. The measure can be determined from the asymptotic behaviour of the 
Al-Salam-Chihara polynomials as the degree tends to infinity. This behaviour is determined 
by 



Pn{lJ'{y);a,b I q) 



c{y; a, b \ q) [ ^ ; g, g-^^) + c{y-'; a, b \ q) y^ f ; g, g"+^ 

\ qy^ J \ qy-^ 

valid if y'^ ^ g^, where 

c(,;a,&|g)= (^/^^V^-^)- . (b.9) 

{y ^;?)oov(g,afe;g)oo 

We extend the c-function c(- ; a, 6 | g) by continuity to all points of C where possible. 

The asymptotic behaviour can be obtained as a limiting case (6, c — 0) of the asymp- 
totic behaviour of the Askey- Wilson polynomials ||T^, (7.5.9)], or by using Jl^ (3.3.5)] with 
{a,b,c,z) {ay,by,qy'^,q'^~^'^) and next [1^, (1.4.6)], (|B.6|) and the 6'-product identity (pi]). 
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See also p, §3.1] for the asymptotic behaviour using Darboux's method including the cases 
X = ±1. 

The corresponding orthonormal Al-Salam-Chihara polynomials ; a, 6 | g) : C — C are 
defined by 

Pn{x]a,b\ q) = ^-l= =P„(x;a,& I g) (B.IO) 
for all X G C. The orthonormal Al-Salam-Chihara polynomials satisfy the recurrence relation 

c„ = v/(l-g"+^)(l-«&g"), dn = q^{a + b), ^^'^^^ 

and initial conditions p^i{x) = 0, po{x) = 1. Note that the coefficients c„ and dn are bounded, 
since we assume < g < 1. Under our assumption ab < 1 the Al-Salam-Chihara polynomials 
are orthogonal with respect to a positive measure on M; 

Pn{x; a, b I q)pm{x; a,b\ q) dm{x; a,b\ q) = 6n,m, (B-12) 



where the measure dm{-; a,b \ q) is defined by 

t[x) am[x\a,b \ q) = / f(cosw)- — — - — : — aw 

■'^ ' ^ ' ' I '^^ 27r ^\ae'^,ae-''^,be''^,be-''f';q)c ^ 



+ 5Z f{f^i^(l'^))^r{a;b\q)+ ^ f{fi{bq'''))wr{b]a\ q), (^'^^^ 



with 



reNo rSNo 
|ag'-|>l |fe5''|>l 



(a ^;g)oo(a^a6;g)^(l - a^g^''^ 



m, a;6 g = — — . ,^ ^g a b . 

[b/a; q)oo{q,aq/b; g)^(l - a^) 

Note that the weight function in ( p.l2|) is very explicit. It can be rewritten in terms of the 
c-function (|B.9|) as 



f{x)dm{x;a,b\q) = — [ /(cos-?/') ^ 



R 



27r 7o c(e*'/';a,6 I g)c(e-*V';a, 6 I g) 

+ Y] /(/^(s))Res , I } . _i 

io=s w c(w; a, I g)c(w ^;a,o|g) 



(B.14) 



sG-D 

where the set D is given by 

D = D{a, b \ q) = {s eC \ |s| > 1, c(s; a,b\ q) = 0}, 

and we assume that the zeroes of the c-function in D are simple. The two sets of discrete 
mass points in the measure in ( |B.12|) are finite. If ab > 0, at most one of the sets of discrete 
mass points can occur, since we also assume ab < 1. If afe < 0, then both series of discrete 
mass points can occur. 

Consider the corresponding Jacobi operator on £^(No) equipped with the standard orthonor- 
mal basis {e„}5^Q, 

2Je (B.15) 
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with c„ and dn as in ( |B.11| ), initially defined on the dense domain of finite linear combinations 
of the basis vectors. Since the coefficients are bounded, J extends uniquely to a bounded 
self-adjoint operator on £^(No). If we need to stress the dependence on the parameters, we 
write J = J{a,b \ q). The resolution of the identity for the self-adjoint extension of J can 
be described with the orthonormal Al-Salam-Chihara polynomials and the corresponding 
orthogonality measure. 

Theorem B.13. The Jacobi operator J extends uniquely to a bounded self-adjoint operator 
on i^{No). Let Ej be the resolution of the identity for the self-adjoint extension of J, then for 
any Borel set B dM. and u = Yl'^=o "^n^n, v = J2'^=o '^n^n G ^^(Nq) we have 

„ oo 

(Ej(i3)M,f)^2(NQ) = / J^ju{x)Tjv{x)dm{x]a,b \ q), J^ju{x) = V'M„p„(x;a,6 | q). 

n=0 

(B.16) 



For the purposes in this paper we want to rewrite the orthogonality relations ( |B.12| ) for the 
Al-Salam-Chihara polynomials as orthogonality relations on L^(/(a,6 | g)), where I{a,b \ q) 
is the support of dm{- ; a, 6 | g), so 

/(a,6|g) = [-l,l]U/ipKMg)), 

D(a,6 I g) = {ag'- I r e No, lag'l > 1} U I r G No, Ifeg"! > 1}> 

in accordance with (|B.14| ). On [—1,1] we take the Lebesgue measure, and on the discrete part 
we take the counting measure. Now define for < I?/'! < vr 



p 


rj(cosV'; a, b 






c{e^'f'; a, b 


<l)\ 



hn{cos a, b\q) ^ , , 

hn{fJ^{eq'')]a,b \ q) = Wr{e; f \ g) p„(/i(eg''); a, 6 | g), 

where e is either a or b, and / is the other parameter, and \eq'^\ > 1 with r G Nq. So 
{ hn{- ',CL,b\ g)}^o is orthonormal basis for L'^{I{a, b \ q)). It follows in particular that 

oo 

^hn{nix);a,b\ q) hn{fxiy);a,b\ q) = Sx,y, x,y E D{a,b \ q), (B.19) 

n=Q 

SO that the functions hn{fi{x); a,b | g), n G Nq, have £^-norm 1 for x G D{a,b \ g). The 
orthogonality relations ( |B.l!j| ) can also be proved directly using the g-binomial theorem and 
the g-Saalschiitz formula ||17|, (II. 3), (II. 12)], and it is related to a discrete measure on g~^o for 
which only a finite number of moments exist. 

The polynomials p„( ■ ; a, 6 | g) and the c-function are symmetric in a, b, which implies the 
symmetry relation 

hn{- ■,a,b \ q) = hn{- ■,b,a \ q). (B.20) 
Another symmetry that we need is 

/i„( ■ ; a, 6 I g) = (-l)"/i„(- ■ ; -a, -b; g), (B.21) 

which follows from writing out explicitly /i„ as a multiple of a 2 V^i -function. 
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The asymptotic behaviour of the orthonormal basis of L^(/(a, 6 | g)) as the degree n tends 
to oo can be obtained from ([B.8|). For < j-?/'! < vr we find 





2 3fJ(e^"'^c(e*'^;a 


,b 




TT 


sin-?/' 


c(e*^; a, h 





Kicost, a,b\ q) = J , . ^, \ . \: + n ^ oo, (B.22) 



and see §3.1] for the case x = ±1. Observe that the expression is symmetric with respect 
to —tp. On the discrete spectrum the zeroes of the c-function make the first term on the 
right hand side of ( [B.8|) vanish, so that the behaviour of hn is given by 

hMaq'); a,b\q) = (ag")"" V?i;,(a; b \ q) ciXjaq'; a, 6 | g) (l + , n ^ oo. (B.23) 

This imphes h.{x;a,b \ q) G £^(No) for x in the discrete spectrum. The expression for 
hn{fi{bq'')] a,b \ q) follows from (p.23| ) by interchanging a and b in the right hand side. We 
can also reformulate ( p.23|) as 



hMs); a,b\q) = jRes ^"^"''^ ""^^ l l) (i + ^(^n)) ^ ^ ^ ^o, (B.24) 

w u]=s wc[w; a,b\q)^ ' 

for s G -D(a, 6 I g), assuming such zeroes of the c-function are simple. 

In this paper we need a certain contiguous relations for the Al-Salam-Chihara polynomials. 
The contiguous relation can be looked upon as an operator that can be used for a Darboux 
factorization of the Jacobi operator J. 

Lemma B.14. The orthonormal basis functions hn{x;a,b \ g) satisfy 



a/1 — 26x + 6^ hn{x; a,b \ q) = a/1 — abq"- hn{x; a, bq \ q) — 6a/1 — g" a, bq \ q), 

for X G /(a, b \ q). 

Proof. From the connection coefficient formula [^, §6], §7.6] it follows that 

Pn{x] a,b\q) = Pn{x; a, bq \ q) - 6(1 - g") Pn~i{x] a, bq\q). (B.25) 

This can also be obtained directly from the second explicit expression of P„ in (|B.6|) by writing 
out the 2V5i-function as a sum, and using the identity {by; q)k = {bqy; q)k — by{l — q^){bqy; q)k- 
Rewriting ( p.25|) for the orthonormal basis hn{x;a,b | g), x G I{a,b \ g), gives the desired 
relation. For x = cos?/' this follows directly from (p.lOl ), ( p.l8|) , and for x in the discrete 
spectrum this is a consequence of 

Wr{a; bq | g) (1 — a6g'")(l — q^^'b/a) Wr-i{bq; a \ q) (1 — 6^g''")(l — g"*^) 

Wr{a]b\q) 1 — ab ' Wr{b;a\q) 1 — ab 

Here we use the convention that hn{x] a, 6 | g) = for a; ^ /(a, 6 | g). □ 

B.5. Little g-Jacobi functions. In this subsection we collect the results and notations for 
the little g- Jacobi functions needed in this paper. The little g- Jacobi functions are the kernel 
of an explicit transform pair that is related to the spectral analysis of the hypergeometric 
g-difference equation, and they arise as matrix elements for the quantum SU{1, 1) group, see 
| 45| . References for this subsection are Kakehi [^, Kakehi et al. [|^, and also p3| , App. A], 
2|, [H]. 
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The hypergeometric g-difference equation, see |T7| , Exerc. 1.13], can be rewritten as 

(c — abz) u{qz) + ((a + h)z — c — q) u{z) + {q — z) u{z/q) = (B.26) 

for a function u{z) and one explicit solution of ( [B.26| ) is u{z) = 2V^i(fl, b; c; q, z). 
Using the hypergeometric g-difference we find solutions to 

k 

2x Mx) = (1 - ^^+^^'^) + f'^''^ + ~ fi^ ^^-^^^ 

where we assume from now on that 2; < 0, c > 0, and d G M\{0}. For more general sets of 
parameters, see p3|, App. A]. Indeed, we find the solution. 



fMy)) = (c, z, q/z- qUd-" 2^1 ( "^^^ ; q, zq'^j , (B.28) 

where we from now on assume < c < 1 in order to avoid complications for c G q^^". 
We use the notation fk{x) = fk{x;c,d;z \ q) if we want to stress the dependence on the 
parameters. Note that replacing c and d by g^/c and qd/c leaves ( |B.27| ) invariant, hence 
fk{x] q'^/c,qd/c] z \ q) is also a solution to ( |B.27D , as can also be checked directly from ( |B.2(j| ). 
These solutions are linearly independent for c 7^ g. 

The equation ( [B.27| ) can also be viewed for A; > as the recurrence relation for the (suitably 
renormalized) associated Al-Salam-Chihara polynomials, and the description of the solution 
space matches Gupta, Ismail and Masson ^ . 

Next we define 

Fk{y) = .^1 { ; g, V vH (B.29) 



gr d'z , 

then, for y 7^ ±1, Fk{y) and Fk{y~^) define two linearly independent solutions to (|B.28|) as 
follows easily from ( |B.26| ). We use the notation Fkiy^^) = Fk{y^^;c,d; z \ q) if we want to 
stress the dependence on the parameters. Note that Fk{y^^) are invariant under replacing 
c and d by g^/c and qd/c. Since the solution space to ( [B.27| ) is two-dimensional there are 
relations between the solutions; in particular, 

fffw f \ 17 f \ ^ f -i\ 17 f -i\ f \ {c/dy,d/y,dzy,q/dzy;q)oo „„s 
fkmy)) = c{y) Fk[y) + c[y ) Fk[y ), c[y) = (B.30) 

[y 1 q)oo 

which follows from |p!7| , (4.3.2)] for y"^ ^ g^. As in the previous subsection we extend this 
c-function by continuity to all points of C where possible. We use the notation c{y; c,d]z\ q) 
if we want to stress the dependence on the parameters. Note that this c-function is different 
from the one for the Al-Salam-Chihara polynomials in Section [B.4| . In this subsection c{y) is 
defined by (^Ml - 

The corresponding orthonormal recurrence relation, i.e., the normalization which makes the 
corresponding Jacobi operator symmetric, is 

2x Uk{x) = at Uk+i{x) + bk Uk{x) + ak-i Uk-i{x), 




g^\ A _ cg'=+l^^ , g'=(c + g) (6.31) 



d'^z / ' dz 
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Note that we assume z < 0, < c < 1, d E M. \ {0}, so that the square root is well-defined. 
We put 



pI 



{q^+''/z;q)^ 



{zq '^,(fz/c,cq/(Pz;q)c 
{d?zq-^ /c,z,q/ z] q)^ 



(B.32) 



where the second expression follows from the 6'-product identity (|B.1|) , then Uk{z) = pkfki^) 
satisfies (|B.31|) if and only if fk{z) satisfies (p.271 ). We use the notation pk{c,d;z \ q) if we 
want to stress the dependence on the parameters. Now the following orthogonality relations 
hold; 



where the measure dv is defined by 

1 



g{x) dvix] c,d;z\ q) 



Pkfk{x)pifi{x) du{x; c,d;z\q)= 6k,i 

dilj 



(B.33) 



2n 



g{cosip)- 



c(e#)|2 



^ g{p{q'-ydz))^ 



+ 9{KcqWd))wr+ g{p{dq''))wl, 



rGNo 
\cq^/d\>l 



reNo 
\dq^\>l 



with 



c{y) = c{y;c,d;z \ q), 
_ -(1 - q^-^'/dh^) 

(g, g, cq^-''/ d^z, q^-"" / z, czq"-^, d^zq"-^; q)oo ' 

(rfVc^g)oo (l-cV7d^) {^/d\c-q)r 

{q.c.d^ I c^cz.d^zj c.cqj (P'Z.qj zc\q)oQ (1 — c^/rf^) {q.cqj d^\q)r 



Wr 



id-'; q) 



[l-dVn id',c;q\ 



{q,c,c/d'^,d'^z,z,q/z,q/d'^z;q)oo - d^) {q,qd'^/c;q)r 



If we want to stress the dependence on the parameters we use the notation Wr{c,d]z \ q), 
w'j.{c, d; z \ q) and Vr{c, d; z \ q) for the weights in ( p.33|) . Note that at most one of the last 
two sets of discrete mass points can occur, since we assume < c < 1. The first set of discrete 
mass points always occurs. The orthogonality measure ( |B.33| ) can be rewritten in terms of 
the c-function; 



g{x) dv{x] d] z \ q) = — / g{cos'ijj) 



2tx 



dip 



c e 



+ y'^(/^(s))Res 



1 



w=s w C[W)C[W~ 



[BM) 



where we assume that the zeroes of the c-function are simple, and where the set D is defined 
by 

D = D{c, d;z\q) = {s eC\\s\> 1, c{s) = 0}. 

See Kakehi [23], and [33, App. A] for a bit more general situation, [|2^ for an introduction, 
and [|32| for a general scheme of function transforms with basic hypergeometric kernel of which 
(p.33|) is part. 
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Denote by L the corresponding (doubly infinite) Jacobi operator on £^(Z) with orthonormal 
basis {cfelfcez, i.e., 

2L Ck = flfc Cfc+i + 6fc Cfc + Ofe-i efc_i, (B.35) 
with ak and bk defined as in ( |B.31| ), and L initially defined on the dense domain of finite 
linear combinations of the basis vectors. We write L = L{c,d, z \ q) if we need to stress the 
dependence on the parameters. The operator L is unbounded, because the coefficients tend to 
±00 as k —00. Its adjoint is given by the same formula ( [B.35|) with its maximal domain, 
i.e. V* = {v = Y^k^k^k e £^(Z) I ^^(afcffc+i + hkVk + ak-iVk-i)ek e From Section 4.5 

of we have the following result. Note that we need to switch from the basis to e_fc of 



(Z) for the correspondence with |29 



Theorem B.15. The operator L is essentially self- adjoint for < c < q^. In this case the 
resolution of the identity El for the unique self-adjoint extension of L is given by 



00 



{EL{B)u,v)i2(^^) = / J^Lu{x)TLv{x)du{x;c,d;z\q), J^^u{x) = > UkPkfk{x 



fc=— 00 



for any Borel set B <ZM. and any u = J2k ^k^k, v = J2k ^k^k £ i'^(Z) . 

In Prop. 4. 5. 3] it is also proved that L has deficiency indices (1, 1) in case < c < 1, 
c ^ q, hence L has self-adjoint extensions. In the proof linear independence of certain functions 
wf{z) and wg{z) (see [^) is used, which is no longer valid in case c = q. The special case 
c = g is also needed in this paper, and we treat this case in Appendix y. 

In this paper it is convenient to rewrite the orthogonality relations ( |B.33| ) as orthogonality 
relations on L^(/(c, d; z \ q)), where /(c, d; z \ q) is the support of du^- ■,c,d;z\q). So 

I{c,d;z I q) = [-1,1] U ij,{D{c, d; z \ q)), 

D{c,d; z\q)= jc/g" | r G Nq, \aq'\ > l} U j^g" | r G Nq, |^g"| > l} ^g gg^ 

in accordance with (p.34| ). On [—1,1] we take the Lebesgue measure, and on the discrete part 
we take the counting measure. We now define the function jk{x; c, d; z \ q) & L?{I{c, d;z\q)) 

by 



jk{cosf; c,d;z\ q) = ====—— ; ——^ < |^| < tt 



Pkic,d; 


z 


g)/fc(cos^;c,rf; 


z 




v/27r 


sin-?/; 


c(e*'^; c, d; z 


q)\ 



jkipiq^''/dz);c,d;z \ q) = ^/vr{c,d;z \ q)pk{c,d;z \ q) fk{p{q^~'' / dz)-c,d] z \ g), (b.37) 

jk{K<^q''/d);c,d;z \ q) = ^Jwr[c,d\z \ q)pk{c,d;z \ q) fk{p{cq'' /d); c, d; z \ g), 

jkip{dq'');c, d;z\q) = ^/w'^{c,d;z \ q) pk{c, d; z \ q) fkipidq''); c,d;z\ g), 

so that {jk{- ',c,d; z \ q)}k& yields an orthonormal basis for L'^{I{c,d;z \ g)). We use the 
convention that jk{x; c, d; z \ q) = for x ^ /(c, d; z \ q). In particular this implies that 

\ik{p{x)]C,d]z I q)]k{p{y)]C,d]z \ q) = 6^^y, x,y e D{c,d;z \ g), (B.38) 



feez 
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SO that {jfc(/i(a;); c,d;z\ q)}kez has £^-norm 1 for s G D{c, d; z \ q). 
The asymptotic behaviour of jk{x', c, d; z \ q) as k — oo follows from 

Pkfkix) = {sgn{d)Vc)''{c,dh/c,cq/d^z;q)^{l + Oiq-'')), x E C, (B.39) 

which is an immediate consequence of ( p.28|) and (p.32| ). For the asymptotic behaviour as 
— CX3 we use ( p.30| ), ( |B.29|) , ( |B.32D , and we proceed analogously as in the derivation of 
( [B:22|) . This gives 





2 3?(c 


(e'^; c,d;z\ 


q) e'''^) 


TT 


sin-?/' 


c{e^^; c, d; z 





Mcost,c,d;z\q) = J ,. ,\, ^ 1 + , A; oo, (B.40) 



for < lipl < 71. Note that the expression is symmetric with respect to ip ^ The 
asymptotic behaviour in the discrete mass points as A; ^ oo follows similarly as ( |B.23| ). The 
behaviour is and for A; — s> oo we have 

jk{fJ'{q^'''/dz);c,d;z \ q) = {q^~''/dz) ^ Vr{c, d; z \ q) c{q'"~'^dz; c, d; z \ q) [l + 0{q^)), 
jk{fJ'{cq''/d);c,d;z \ q) = {cq' / d)''' ^/ Wr{c, d; z \ q) c{dq~'' /c] c,d;z \ q) (l + , 
jMdql;c,d;z \ q) = [dq^Y^ ^ w[{c, d] z \ q) c{q-''/d; c,d;z \ q) {l + 0{q^)). 

(B.41) 

We can rewrite (^]4l|), cf. (g]24D, 



jMs)- c, d- z I q) = s-\ Res ^(^"'' ^ I g) (i + oiq")), k oo, (B.42) 

y w=s w c[w; c,d;z\q)^ 

for s E D{c,d] z \ q) assuming the zeroes of the c-function are simple. 

We will need a contiguous relation for the normalized little g-Jacobi functions, which can 
be obtained from the g-derivative of the 2V'i-series. 

Lemma B.16. The orthonormal basis functions jk{x] c,d] z \ q) satisfy 



l — 2x/d + d jk{x;qc,qd; z \ q) 



1 / q^ / cq^ 

1 - —jk-i{x; c,d;z\q)-dl- ■^jk{x;c,d;z \ g). 



for X G /(c, d; z \ q). 



Proof. A direct calculation, or see [T^, Exerc. 1.12], shows that 

fk{x] c,d]z\q) fk+i{x; c,d;z\q) = z{l - 2dx + d^) fk{x; qc, qd; z \ q). (B.43) 

Rewriting (p.43| ) for the orthonormal basis jfc(x; c,d; z \ q) then gives the desired contiguous 
relation. For x = cosip this is immediate from ( |B.37|) , ( |B.32|) and (|B.33| ). For x in the discrete 
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spectrum it follows from 

Wr{qc,qd;z \ q) 
Wr{c, d; z \ q) 
w'^_^{qc, qd; z \ q) 

w'^{c,d;z I q) 
Vr-i{qc, qd; z \ q) 
Vr{c,d; z I q) 

Yet another result for the little g-Jacobi functions needed in this paper is related to a 
symmetry property that follows from Heine's transformation [|T7t (1.4.6)] and analytic contin- 
uation; 

' ^ -.a.a " 

c 



rfV(l-c/V)(l-g"''), 
dV(l-rf22g'-i)(l-gi-72) 



□ 



2^1 



dy, d/y k 



{zd^q yc;q)oo ^^^ / cy/d, c/dy ^ 



(B.44) 



Together with ( |B.28| ) and ( |B.32| ) this implies the symmetry 

c zd'^ c zcP 

Pk{c, d;z\q) fk{x; c,d;z\q) = pk{c, -; \ q) fk{x; c, -; | g). (B.45) 

d c d c 

The action on the parameters is an involution, and I{x;c,d;z \ q) = I{c,c/d;zd'^/c \ q). 
Moreover, we have 

c zd'^ 

c{y; c,d;z\q) = c{y; c, -; \q), 

d c 

c zdP 

Vk{c,d;z I q) = Vk{c, -; | q), 

d c 

c zd'^ 

Wk{c, d;z\q) = w'kic, -; \q), 

d c 

which implies 

jkix;c,d]z I q) = jk{x] c, c/d; zd'^ /c \ q). (B.46) 

This shows that in the special case d^/c G g^, we can transfer the multiplication by a power 
of g in 2; to a shift in the index k. Using ( [B.l| ) we obtain for p G Z 

Pk{c, d] zq~P I g) fk{x; c, d; zq~^ 

c{y; c, d; zq'^ 

Vr{c, d] zq~^ 

Wr{c, d] zq~^ 

U7',(c, d; zq~^ 

Moreover, /(c, d; zq'^ \ q) = I{c, d; z \ q) and so 

jkix; c, d; zq'^ \ q) = {sgn{d)y jk+pix; c,d;z\q). 

Combining gives the following special case 

jk{x; g, g5(i-P); z \ q) = jk+p{x; g, g5(i+P); z\q), 



q) = 


{-dzyq--^p^p+'^ Pk^pic 


d\z\q) fk+pix; c, d; z 


q) = 


i-dzyfq-^P^P-^'^ ciy;c, 


d;z 1 g). 


q) = 


{dz)~^PqP'^P+^Kr-p{c, d; 


z 1 q), 


q) = 


(rfz)-V^P+^^Wr(c, d;z 


k), 


q) = 


{dzy^^qP^P+^^ w',{c, d-z 





(B.47) 
(B.48) 
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for all X G I{q, z \ q) = I{q, z \ q). 

B.6. Explicit formulas for the function A. Here we write out explicitly the functions 
A = A{- -jP, 171,6,1]), p & q^, m & Z and e,rj E {—, +}. These functions are used in § pl2| for 
the description of the polar decomposition of the elements Q{pi,P2, n) G M, and they are used 
later on in § |10.1| and § |10.2| to describe explicitly the actions of the generators of M on £p 3, 



in the discrete series and principal series corepresentations. The functions A are essentially 
special cases of the c-functions for Al-Salam-Chihara polynomials and little g- Jacobi functions, 
divided by their absolute value. We only give the formulas for A{X) with A = e*''' G Tq. 

For e = +, T] = —, 

A{X;p,m, +, -) = 



1 

^ ^ yTTlsinV^I (A2;g2)^ (gA± Vp, Vp; 

and ioT e = —, Tj = +, 

' 2 {pqX, -m1+2-A; g2)^ / (A±2; q^) 



A{X;p,m,-,+) = X^ 

For e = T] = —, 

A{X;p,m, -) = 



1 

±2. ^2^, \ 2 

oo 



7r|sin'?/'| (A^;g^)oo \ (pgA='=^, — pg^+2"^A='=^; g2)c 



1 



2 (-pgA,-M^+^-A;g^)oo / {X^';q')oo 
7r|sin?/'| (A2;g2)oo I (— pgA='=^, — pg^+2'"A='=^; 



700 



for x{p) + > 0, and for xip) + m < 
A{X;p,m, -, -) = 

For e = T] = +, 



2 (-gA/p, -gi-2-A/p; q'U ( (A^^; g')oo ^ ' 



vrlsin-?/^! (A^; g2)oo V ("Q'A^VPj '^"^ X"^^ / p; q 



2\ 

oo 



A(A; p, m, +, +) = (_i)™+x(p);,— X(P) (z^Vp^Z^'™^' m'+'"^/A, g-^'^^A/p; g^)^ 



2^ 

oo 



X 



(A2;g 

(A±^g2) 



7r|sin?/;| \ (-gA±Vp, -pgi+2'»A±i,pg3+2'"A±i, g-i-2™A±Vp; g^), 
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for m > 0, and for m < 0, 
A{X;p,m, +,+) ={-iy 



TT I sin I 



X 



-MA±^ -gl"2m^±l/p^ ^3-2m^±l/p^ p^-l+2m^±l. ^2) 



Appendix C. Special case of a Jacobi operator 

In this section we study the special case c = g of the Jacobi operator L = Lc = L{c, d, z \ q) 
defined by ( [B.35| ). For special choices of c, d and z, the operator L is a certain restriction of 
E^Eq or the Casimir operator (see Section The operator L{q,d,z \ q) that we consider 

in this subsection corresponds to the case £: = ?7 = +,m = 0. 

Let JF(Z) be the space of complex-valued functions on Z. We study the linear operator 
Lc'. J-'(Z) ^(Z), given by 

2 {Lcu)k = afc-i(c) Uk-i + bk{c) Uk + afc(c) Uk+i 

for all u G JF(Z) and A; G Z. The coefficients afc(c) and 6fc(c) are given (p.31| ), and we write 
afc(c), 6fc(c) instead of Ofc, 6a,. to stress the dependence on the parameter c. Recall from Section 
p.5| that (i G ]R\ {0} and z G {—oo, 0), so that both terms in the square root are positive, and 
> and hk G M. We define the linear operator L: K,{'L) — ^ /C(Z) as the restriction of L^. to 
/C(Z), the linear subspace of finite linear combinations of basis vectors, i.e., the subspace of 
compactly supported functions in JF(Z). Then (L^, /C(Z)) is an unbounded symmetric operator 
on the Hilbert space £^(Z). Moreover, the unboundedness occurs as A; ^ — cxd, since in this 
case the coefficients ak{c) and 6fc(c) grow exponentially. Note that for k ^ oo the coefficients 
afc(c) and bk{c) remain bounded. 

In this subsection we need the Wronskian associated to the Jacobi operator L; 

[u, v]k = ak {uk+iVk - UkVk+i) , (C.l) 

see [^, (4.2.3)]. Two eigenfunctions u,v of L are linearly independent if and only if [u, v] ^ 0. 
The remainder of this subsection furnishes the proof the following result. 

Theorem C.l. Consider u G £^(Z) so that Lq{u) G £^(Z) and so that there exists a function 
f: ]R>o — > C that is dijferentiable in and satisfies /(O) 7^ and u^k = fil'^) for all 
k eN. Then there exists a unique self-adjoint extension T of Lg so that u G D{T). Moreover, 
if V E f'ilj), Lqiv) G £^(Z) and if there exists a function g: ]R>o C that is differentiable in 

and satisfies V-k = q^ g{,q^) for all /c G N, then v G D(T) as well. 

The resolution of the identity E^ for the self-adjoint extension T of Lg is given by 

P 00 
{Et{B)u,v)p(j^) = I J^Tu{x)J^Tv{x)diy{x;q,d;z\q), J^tu{x) = UkPkfk{x), 

for any Borel setBdM. and any u = J^k^^k^kyV = J^k^^k^k £ ^^(Z). 
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Observe that the resolution of the identity is the same as in Theorem [B.15| with c = q. 

For the proof we need the eigenfunctions of the operator Lc- For c G (0, 1) and ?/ G C \ {0}, 
let us denote 

/(c, y)k = pk{c, d; z \ q)fMy); c,d;z\q), 

g{c,y)k = pkic,d;z \ q)f kipiv); q^ /c, qd/c; z \ g), 

where fk and pk are defined by (|B.28D and (|B.32|) , respectively. From Section p.5| we know 
that / and g are both solutions of the eigenvalue equation LcU = p{y)u. Another solution is 
the function 

Fic, y)k = Pfc(c, d; z \ q)Fk{y; c,d;z\q), 
see ( p.29|) for the definition of F^. 

In p9| , Section 4.5] it is shown that the operator Lc has deficiency indices (1,1) in case 
< c < 1, g 7^ c. The proof of this fact relies on the fact that the functions f{c,y) and 
g{c, y) are both in the space {u \ L*u = zu, Yll=-oo I'^^P ^ ^} ^ ~ ^^iy) ^ C \ M. In case 
c = g, we have f{q,y) = g{q,y), so we must provide another eigenvector for Lg. 

Definition C.2. Lety eC\ {0}. We define h{y) G J^(Z) 

If \ r f(c,y)k-~g{c,y)k 11 1 ^ W7 

n(y)k = lim , for alL k G 

c^q c — q 

For c G (g^, 1), we have 

f{c,y) - g{c,y) \ ^ ^(^y^ f{c,y) - g{c,y) 

c — q I c — q 

Since the coefficients ak{c),bk{c) of Lc depend continuously on c, and p{y) is independent of 
c, the above equality together with Definition |C.2| imply that Lg h{y) = p{y) h{y). 
Let us estabhsh the asymptotics of hijj)^ as — ^ — oo. 

Lemma C.3. Consider y E C \ {0}. Then there exists a convergent sequence {r^)^^^ in C 
and a differ entiahle function f : C such that /(O) 7^ and h{y)^k = g^ {rk + k f{q )) 

for all A; G N. 

Proof. Define the C°°-functions B,C : (g^, 1) x [0, 00) — * C such that 

N f dy,d/y \ A \ f Qdy/c^qd/yc 

B{c,x)= 2V5i I ^ ;q,zx\ and C{c,x)= 2'fi[ ^3/^ ' ^' 

for all c G (g^, 1), x G IR+. We have for c G (g^, 1), k e Z, that 

/(c, y)^k - g{c, y)-k = w^kic) ( B{c, q'') - {q/cf C(c, g*^) ), 

where 

Wk{c) = {c,z,q/z]q)^d~^pkic,d;z \ q). 

Therefore, 

h{y)-k = w-k{q) ( {diB){q, q') - {d^C){q, q') + {k/q) C{q, q') ) 
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Now define the C°°-function D : (g^, 1) x [0, oo) C such that 



D{c,x) = {c;q)oo\ 735 1 ^ for all c G (g , 1), x G . 

y {d^zx/c; gjoo 

Now (|R32D shows that w_fc(c) = ct D{c, q^) for all c G (g^ 1). Thus, 

%)_, = gtD(g,g^')((9ifi)(g,g'=)-(9iC)(g,g'=)) + g-^fcgt D{q,q') C{q,q') . 

Note that D{q, 0)C(g, 0) = g"^ D{q, 0) = g-^(c; g)oo ^/ {d^zjq.q^ jd^z.z.qj z;q)^ > 0. So 
the lemma follows. □ 

Lemma C.4. Let y E C \ \y\ < 1. Then F{q,y) belongs to £^(Z) and there exists a 
convergent sequence {rk)'^^i in C and a differentiahle function h : ^ C so that h{0) 7^ 
and F{q, y)-k = q^ {rt + k h{q )) for all A; G N. 

Proof. Definition ( |B.28|) and ( p.32|) imply that f{q,y)~k/Q^ converges as A; ^ 00. Since 
f{q,y)-k/kq^ converges to as A; —» and, by Lemma |C3| , h{y)^k/kq'^ converges to a non- 
zero number as A; — > 0, we conclude that f{q,y) and h{y) are linearly independent. 

Because f{q,y), h{y) and F{q,y) belong to the eigenspace of Lq for the eigenvalue 
and since such an eigenspace is always two-dimensional, there exist complex numbers A and 
u so that F{q,y) = Xf{q,y) + uh{y). Clearly, this gives [fiq,y),F{q,y)] = [fiq,y),h{y)], 
see (ICl]) . By H, last Eq. of (4.5.4)] we know that [f{q,y),F{q,y)] ^ 0, implying that 7^ 0. 
Hence, Lemma |C.3| and the remarks in the beginning of this proof guarantee the existence of 
a convergent sequence (r/c)^j^ in C and a differentiable function h : — > C so that h{0) 7^ 
and F{q,y)_k = ga (r^ + kh{q^)) for all A; G N. So we immediately get that F{q,y)k is i"^ as 
k —00. Definition ( p.29|) and ( p.32|) imply that F{q,y)k is i"^ as k 00, since \y\ < 1. So 
we conclude that F(g, y) G £^(Z). □ 

Note that Lemma applies to ?/ = (1 — -\/2 ) i, so fj.{y) = i. Since F(g, y) belongs to ^^(Z), 
the vector F{q,y) belongs to D{L*) and L*{F{q,y)) = iF{q,y). This implies that Lq is not 
essentially self-adjoint. 

Lemma C.5. Let f,g:M.—>-<Cbe functions that are differentiable in 0, (rfc)^-^ a sequence in 
M. such that {vkq^)^^^ converges to 0. Then ( {f{q^~^) diq'') — fiq'') dio^^^)) ^^-i (converges 
to 0. 



Proof. For A; G N, write 

ru{f{q'~')g{q'')-f{q')g{q''~')) 



f{q'-')-f{q') , , giq"") ~ 9{q'~') 



and observe that 



f{q'-')-f{qn \ ( gjql - gjq'-') 

i"" )k=i V q'' / k=i 

are bounded because / and g are differentiable in 0. □ 
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We are now ready to prove Theorem 
Proof of Theorem \C'. 1\. We set ?/ = (1 — 1/2) i, then = i. Consider A G T. We define a 



hnear operator Tx in £^(Z) such that 

D{Tx) = \wefiZ)\ L,{w) G fiZ) and hm [w, X F{q, y) + X F{q, y)U = o| 

and Tx is the restriction of Lg to D{Tx). Here we use the Wronskian [-, ■] defined by ( |C.1| ). 
We know by Lemma (4.2.3)] that Tx is a self-adjoint extension of Lg and that every 
self-adjoint extension arises in this way. 

By Lemma |C4| there exists a convergent sequence (r/;.)^^ in C, a differentiable function 
h:R+^C such that h{0) ^ and F{q, y)_k = (r^ + k h{q^)) for all ken. Take v G ^^(Z) 
such that Lq{v) G £^(Z) and such that there exists a function g: IR+ — C that is differentiable 

k 1 ~ 

in and satisfies V-k = g{q ) for all G N. Let us calculate limfc^oo [v, F{q, y)]-k- 
For /c G N, 

= ^?(/~') in + /^(g')) - 9iq') (r,-i + (fc - 1) /.(g'^-^)) 

= ( giq'-') n - 9{q') n-i ) + k{ g{q'-^) h{q') - g{q') h{q'-') ) + g{q') h{q'-') 

The first term converges to 0, since g is continuous and {rk}k is convergent. Since {kq^)'^^^ 
converges to 0, Lemma |C.5| implies that the second term of the above sum converges to 
as — > 00. Therefore the above expression converges to (7(0) /i(0) as, k ^ 00. Since 
a_fc(c) = g^^'^^ll + 0{q^)), this implies that \imk^^[v, F{q,y)]_k = ^(7(0)/i(0). Since 

y)k = F{q, y)k for all /c G Z by the assumptions z < and d G R\{0}, we see that 



hm [v, AF(g, y) + XF{q, y)U = J-i 9(0) (A HO) + X /i(0) ) 



(C.3) 



If we use this equality for v = u and g = f, we see that m belongs to the domain of Tx if and 
only if ^{Xh{0)) = 0. Notice that such a A clearly exists and is determined up to a sign, but 
that Tx = T_A- So we have proved the existence and uniqueness of the self-adjoint extension 
T. Equation (|C.3|) also guarantees that an element v satisfying the properties described in 



the lemma belongs to D{T). 

The spectral decomposition of a self-adjoint extension T of the Jacobi operator Lc, for 
< c < g^, is determined in §4.5] from eigenfunctions and (py for eigenvalue 
<\y\< 1, such that G ^^(N) and (j){y) G ^^(-N), see pi §4.3.2]! Here (f){y), extended 



to £^(Z) by setting (f){y)k = for k > 0, must be an element of the domain of T. In case 
< c < we have $(?/) = F{c,y) and (f){y) = f{c,y), and these functions determine the 
spectral decomposition of Lc from Theorem |B.15| . In order to find the spectral decomposition 
of Tx we need to find the right choices of ^{y) and (f){y) in this case. Note that there is only 
one eigenfunction of Lg for eigenvalue fi{y) in £^(N), namely F{q, y), so $(|/) = F{q, y). There 
are two eigenfunctions in N), namely f{q,y) and h{q,y), so (f){y) is a linear combination 
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of these two functions. We show that = f{q,y) is the right choice for (j){y) here. This 
imphes that the spectral decomposition of Tx is the same as the spectral decomposition of L 
from Theorem p.l5| (with c = g, of course). We only need to show that (j){y) G D{Tx), so 
it suffices to show that there exists a function g : M>o — > C, differentiable in 0, such that 
f{q,y)-k = q'^^'^g{q'^) for all /c G N. But this follows directly from the definition of f{q,y), see 
( ra , diH and (IE32D . □ 



Appendix D. Proofs of some lemmas 



D.l. Proof of Lemma |7.6| . We prove the following result. Let Pi,P2 G Iq and n E Then 

( J Q{pi,p2,n)Jv,Elw) = { J Q{pi,p2,n)JEov,w), Wv,w G ICq. 



Proof. Assume first that v = fmpt and w = firs for m, / G Z and p,t,r,s G Iq. Then (|4.(j|), 
and the last symmetry of imply 

(q-q^^) {JQ{pi,P2,n)Jv,Elw) 

= ^x(PiP/P2t)~m-n5m+n~l,lSsgn{pt){p2/p^)q-"^+^s,r \PlP2/p\ (- 1)"" Sgn(p)^(P) Sgn(t)'^(*) 

sgn(s) q~^ |r/s|^ a/1 + \qs\'^ ap^{t,qs) ap^{p,r) 
- sgn(r) g"^ |s/r|^ a/1 + K{q-^r) \s\^^ dpiit, s) ap^{p, q~^r) . 

Because of the presence of the three Kronecker deltas, we can replace |r/s|g~'^^ by \p/t\q^~^. 
This gives 



X 



{q-q ^) {JQ{PuP2,n)Jv,Elw) 

= 5^{prp/p2t)-m~nS^m+n-l,lSsgn{pt){p2/pi)q-"-+^s,r \PlP2/p\ (-1)™ Sgn(p)^(^') Sgn(t)^W 

X sgn(s)g"^ \p/t\^ \/l + i^{s) \qs\~^ ap^{t,qs) ap^{p,r) 

- sgn(r)g^ \t/p\^ a/1 + K,{q-^r) \s\~^ ap^{t, s) ap^ip, q~^r) 

For the other side of the required equation we similarly derive from ( 
last symmetry of ( |6.2D that 



(D.i: 



{ \rT3i ) and the 



{q-q ^) {JQ{pi,p2,n).JEoV,w) 



6^ 



X{PlP/P2t),—iTi-—''i ^m+n- 



^1,1 4gn 



{pt){p2/pi)q ™+ls,r 



\PiP2/p\ (-l)'"sgn(p)^(P) sgn(t) 



\x{t) 



-q \p/t\2 ^1 + K{q H) \s\ ^ap^{q H,s)ap^{p,r) 

+ q^ \t/p\^ ^/TT~i4p} \qs\~^ap,{t,s)ap.,{qp,r) 

Comparing this expression with ( p.l|) we see that we need the g-contiguous relations of Lemma 
p.2| . Using the first equality of Lemma |B.2| for a^^ {q~^t, s) and the second equality of Lemma 
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B.2| for ap^{qp, r) gives 



-q ) {JQ{pi,P2,n)JEoV,w) 

^X{prp/P2t)-m-n 5m+n-l,l 4gn{pi)(p2/pi)g-'"+i^,r blP2/p| (-!)"" Sgn(p)^(P) Sgn(t)^(*) 



X 



sgn(s) q 2 



\p/t\2 a/1 + k{s) \qs\ ^ ap^{t,qs)ap^{p,r) 
— {st/qpi)q ~ \p/t\'^ \s\ 



ap^{t,s)ap,{p,r) 

+ {pr/qp2)q'^ \t/p\^ \s\'^ ap,{t, s) ap2{p,r) 
Comparing this expression with ( p.l| ) we see that 

(q-Q^^) {JQ{pi,P2,n)JEoV,w) = (q-q^^) {JQ{pi,p2,n)Jv,Elw) 

+ 5x(piP/P2t)-m-n 5m+n-l,l 5sgn{pt){p2/pi)q-"^+^s,r \PlP2/p\ (-1)™ Sgn(p)'^(P) Sgn(t)'^(*) \pt\ 

X \qs\~^ap^{t,s)ap^{p,r) -sgn(t) (s/pi) + sgn(p) (r/pa) 

If the Kronecker 5-function 5sgn(pt)(p2/pi)g"'"+^s,r- is non-zero, then the term in square brackets 
equals 0, thus {JQ{pi,p2,n)JEov,w) = { J Q{pi,p2,n)Jv, eIw) for v = fmpt and w = firs- 
By hnearity the lemma holds for all f , w G /Co- D 

D.2. Proof of Lemma |8.9| . Here we prove the following result: For u,v E JCq, Pi,P2 G Iq 
and n G Z, we have 



{Q{pi,P2,n)u,Qov) = sgn(pip2) {Q{pi,P2,n) Qou,v). 



(D.2) 



The proof depends on properties of the functions ap(-, ■). One of the properties is the second- 
order g-difference equation from Lemma |B.3[ The other properties we need are essentially the 
contiguous relations from Lemma |B.2|. We state these relations in the following lemma. 



Lemma D.l. Consider x,y,p E !„, then 



and 



V^^+^^yN) ap{x,y/q) = — ap{x,y) + \^TTk{p) a'qp{x,y), 



+ ap{x,qy) = — ap{x,y) + a/1 + ^(p/g) ap/g{x,y) 



Proof. One uses the last equation of ( |6l^ ) to write ap{x,q^^y) in terms of ax{p,q~^y)- Then 
apply the second relation of Lemma |B.2 and use ( |6.2| ) again to obtain the first equality. The 
second equality is proved in the same way using the first relation of Lemma |B.2| . □ 

Proof of (p.2| ). Let l,m,n E 1i and Pi,P2,P, r,a,T E Ig. We will estabhsh 

(Q(Pl,P2,^) /m,p,t,fio/«,r,s) = Sgn{piP2) {QiPl, P2, n) fm,p,t, fl,r,s) ■ (D.3) 

by writing out both sides of this identity in terms of matrix coefficients ( |7.13| ) of Q{pi,p2,n). 
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Let US first consider the left liand side, wfiicli we call 5*^ for convenience, of ( p.3|) . From 
the explicit action ( [4 .81 ) of Qq on f^pt we find 



25'l = {q' r\s\+q" s\r\) {Q{pi,P2,n) fm,p,tji,r,s) 

-Sgn(rs) a/(1 + K(r))(l + K,{s)) {Qipi,P2,n) fm,p,t, fl,gr,gs) 

-sgn(rs) a/(1 + /t(g-ir))(l + K{q-Ks)) {Qipi,P2,n) fm,p,t, fi,, 
In terms of the matrix coefficients ( [7.13| ) of Q{pi,P2,'n), we have 

2Sl = S\p-i^p/p2t\,q"^'" ^m~n,l ^sgn{pt){p2/pi)q"^s,r 

t 



X 



(g r |s| + g s\r 



at{pi,s)ap{p2,r) 

t ' 
qs 



- sgn(rs) a/(1 + K(r))(l + k(s)) 

- sgn(rs) a/(1 + /t(r/g))(l + K{s/q)) 



at{pi,qs)ap{p2,qr) 

at{Pi,s/q) ap{p2,r/q) 



From the g-contiguous relations of Lemma |D.1| it follows that 
a/(1 + K(r))(l + k{s)) at{pi, qs) ap{p2, qr) = 



ts 
Pi 



+ + K{t/q) at/q{pi,s))( — ap{p2,r) + \/l+~i^\pJq) ap/q{p2,r) 



P2 



and 



v/(l + /t(r/g))(l + K{s/q)) at{pi, s/ q) ap{p2, rj q) 



ts 



■at 



{pi,s) + + K{t) aqt{pi,s)) (—ap{p2,r) + v^l + k{p) aqp{p2,r)j, 

/ \qp2 / 



.qpi 
which implies 

= S\pip/p2t\,q"^-^ Sm-n,l ^sgn{pt){p2/pi)q' 

t 



{q r\s\+q s\r 



at{pi,s)ap{p2,r) 

q'^ V(l + K{t/q)){l + K{p/q)) at/q{pi, s) ap/q{p2, r) 
q + K{t)){l + k{p)) aqp{pi, s) aqp{p2, r) 



where 



— sgn(rs) 

— sgn(rs) 

— sgn(rs) 

Ax{y, ^) = ~ ^) + + i^{x/q) a^/q{y, z) + q^l + K{x) aq^{y, z). 



—At{pi, s)ap{p2, r) + —Ap{p2, r)at{pi, s) 
qP2 qpi 
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The expression of Ax[y, z) simplifies by Lemma |B.2| to 



xz 

y 



Since 5|pip/p2t|,g— " (^m-n,; 4gn{pt)(p2/pi)g™s,r = unless pr = sgn(piP2) q'^^^stpl/pl, we now get 

'^Slj '^|pip/p2t|i'?"'~" ^in~n,l ^sgn{pt)(p2/pi)q"^s,r 

t 



{q r\s\+q s\r 



sgn(rs) 



sgn(rsj 



q ^ V(l + + nip/q)) at/g{pi, s) ap/g{p2,r) 

q a/(1 + + nip)) aqpipi, s) aqp{p2, r) 



sgn(rsj q 



sgn(rsj q 



m+l—l 



tp2 



-m—l—1 



spi 

tpi 



SP2 



{k{s) - K{t)) atiPl, s) ap{p2, r) 
K{r) - k{p)) ap{p2, r) at{pi, s) 



Unless sgn(piP2) = sgn(rs)sgn(pi(;), \p2/pi\q"^ = \r/s\ and q''\p2/pi\ = \p/t\, the above expres- 
sion is zero. Thus, 



25*^^ — ^|pip/p2t|,g'"~" ^m-n,l ^sgn(pt){p2/pi)<j'"s,r Sgn(piP2) 



(D.4) 



- sgn(pt) q ^ ^J{1 + K{t/q)){l + K{p/q)) at/g{pi, s) ap/g{p2, r) 

- sgn(pt) q + K{t)){l + k{p)) agp{pi, s) a,p(p2, r) 



Next we write out the right hand side Sr of (|D.3| ). Using the action ( [4.8|) of Qq again, we 
see that 

2Sn = (q'^-'p \t\ + q-'^-H \p\) { Q{p,, p2, n) 



- Sgn(pt) + + K{t)) {Qipl,P2,n) fm,qp,gt, fl,r,s) 

- Sgn(pt) + K{q~^p)){l + K,{q~H)) {Q{pi,p2,n) fm,q-^p,q-H, fl,r,s)- 

Writing this out in terms of the matrix coefficients of Q{pi,p2,n), see ( [7.1^ ), we obtain 

t 



25/? - 5|pip/p2t|, 



1,1 '^sgn(pt)(p2/pi)g" 



iq"'-'p\t\ + q-"'-'p\t\)atip^,s)apip2,r) 

- sgn(pt) q-^ a/(1 + K{q^H)){l + K{q-^p)) ag-it{pi, s) ag-ip{p2, r) 

- sgn(pt) q + K{t)){l + k{p)) agt{pi, s) agp{p2, r) ] . 
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Comparing this with ( |D.4| ) we see that = Sr, hence (p.3| ) holds. 
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D.3. Proof of Lemma |9.3| . We prove the following result: Let /: J{p,m,e,T]) — C be 



bounded, and consider the function 



9[W 

\W\ 

X ——- ap-^{z,w) ap^{€ 1] q'^p z, e'r]'q"^ pw), 



zGJ{p,m,e,ri) 



for w G J{p, m' , e', t]'). 

(1) If f{z) ~ At~^^''^ as z^O for some A e C and t G C, \t\ > 1, then 

g{w) ~ At^^^^^ rf' s{e, e') s(?7, 77') S{er]/t;pi,p2, n), as w — >■ 0. 

(2) If f{z) ~ ^{Ae-'^^'-'^) as z^O for some A G C and ^ G M, then 

g{w)^ rf s{e,e')s{r],'q') ^{Ae-'^''^'"^ S{er]e-'^;pi,p2,n)) , as w ^ 0. 

Here we use the notation f{z) ~ g{z) as z — > 0, for lim2^o(/(-2) — g{z)) = 0. The function 
S{-]Pi,P2,n) is defined by ( P3.2| ). 



Proof. The proof is based on splitting the sum in g{w), and taking limits in both parts of the 
sum using Tannery's theorem, i.e., the dominated convergence theorem for infinite sums. 

First of all, the boundedness of / together with Lemma [B.5| implies that the sum by which 
g{w) is defined is absolutely convergent. Let us denote 9 = eriq"^p, 9' = e'r]' q"^ p and r = 
min{g, g/|6'|}. Now we split the sum for g into a part with \z\ > r and a part with \z\ < r. 
First we consider the part with \z\ > r. We define, for y G J{p,m',e',r]'), 



= M^J E T^^ap,{z,y)ap,{9z,9'y)f{z) . 



z£j(p,m,e,r]) 
|2|>r 



By Lemma p.4| there exists a constant D > so that 

\ap,iz,y)ap,{9z,9'y)\ < D u{p,/y) u{p2/9'y) \z\>^^^^'y^ \e^\x{v.lB'y) ^ 5) 

for all z G J{p,m,e,vi) and y G J{p,m',e',ri') satisfying \z\ > r and \y\ < r. Since, by 
assumption, / is bounded, inequality (|D.5| ) and Tannery's theorem imply that B{y) — > as 
y~^0. 

Next consider the remaining sum over z G J{p,m,e,ri), \z\ < r, for all y G J{p,m' ,e',ri'). 
We go over to a new summation parameter x = z/y, so that it follows from sgn(2;) = e that 
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sgn(a;) = sgn(pi). This gives 

(e'r]')^^y'> 1 

2^ Yiapi{z,y)ap2{dz,e'y) f{z) 



\y\ \A 

\z\<r 

{yx,y)ap^{eyx,e'y) f{yx). 



(D.6) 



\x\<r/\y\ 



Let F : J(p, m, £, r^) ^ C be a bounded function such that 

f{y)- 



t'x{y)F{y)^ if f{w) ~ as w ^ 0, 

3fJ(e-*'^^(f)F(?/)), if f{w) ~ 3ft(Ae-^^>^("')), as w ^ 0. 



Observe that this imphes \im.y^QF{y) = A. Now for y G J{p,m',e', rj') and |t| > 1, we define 
C{y;t) = ^-^^^^ Yl j^^a,,{yx,y)a,,{9yx,e'y)t-^^^^F{yx). (D.7) 

We now consider the asymptotic behaviour of C{y; t) as y — > 0. 

Let us first see that we can take termwise hmits in (|D.7|) . For x G sgn(pi)g^ satisfying 



\x\ < fr, we have by Definition |0 



cj s{e, e') s{r], r]') (_^/)x(y-) |^|2 |^/| 



2^ 

oo 



X u{p,/x)u{p,q-/x)V{-<p^),-n{p,);q^U J ^ ^^^^1' "^^^^^^'.^ 



2^ 

oo 



-K[yx), —K[Uyx);q'^ 



'oo 



X |a;| {q K{yx/pi),q K{6yx/p2);q 

^2 / ,^/^ \ \ / ^2 



X iv'if //''^f^, ■,q',q'<x)] ;g^g^«:(sgn(p,p,)g-"x) 
\q^K[yx/pi) J \q^t^[0yx/p2) 



(D.8) 
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Assuming for the moment that we can apply Tannery's Theorem, we see from the last expres- 
sion that C{y; t) converges to 

A (_l)x(pmp)+™ (^')X(P)+™ sgn(p2)" sis', e) s{r]', v) S{eii/t- pi, p2, n) 

as t/ — *• 0, using ( |B.2D . This proves the lemma. 

In order to be able to apply Tannery's Theorem, we need to estimate the summand by a 
term independent of y. For small x such an estimate follows from ( p.8|) , since F{y) — > A as 
?/ — i> and the functions v are small. It remains to give an estimate for large x uniformly for 
\y\ < for some / G Z. By (|6.2| ) we have 



Vi\apAyx^y)\ MOyx,e'y)\ \t 



\y'^x 



\— \ap^{y,yx) \ \ap^{e'y,eyx) \ \t F{yx)\ 



ly'^x 



■■cl\9xt ^(^)F(yx) I -k{p2); q^)oo v{pix) v{p2 q "x) 



X 



{-K{yx), -K{eyx);q^)c 
hi^iy), -i^{0'y);q'^)oo 



q^K{y/pi) 



-q^/K{p2 



q , q K{sgn{pip2) q'^/x] 



^q^n{9'y/p2) 

The \l/-functions are bounded for |x| large and \y\ < qK Put |x| = q~^ , then using the 
boundedness of F and the 6'-product identity ( [B.l| ), we find 

l^^^-xC^;) Fl^yx) I v{pix) u{p2 g"" x) ^/{-K{yx), -K{9yx)] q^)^ 



< Ixt-'^^") I u{piX) U{p2 g"" X) ^(-g2Z-2fc^_|^|^2«-2fc).^2)^ 

= D2\tq-+'+'/piP2\'\e\-^'Vi-<i''',-<i'-'/\0\;<i')k 



<D^\tq^+^+'/piP2\'\e 



where the constants Di are independent of x. We see that for / large enough this gives us the 
desired estimate. □ 



Index 



A{\;p,m,e,r]), |o| 

A J 

ap{x,y), pl| 
affiliation, |88| 

basic hypergeometric series, ^ 
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Casimir operator, |l4| 
commutant, 

comniutation of operators, ^ 
comultiplication, 0, ^ 
corepresentation, |7| 

complementary series, |7^ 

decomposition of the left regular, |2C 

discrete series, ^ 

irreducible, |^ 

principal series, |7l| 

unitary, ^ 

D{p,m,e,'q), |S 

dual locally compact quantum group, 
dual modular conjugation, 

E(\\ p, to), |62 
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/mpt, |10| 

r</3s-series 

G{X;p, m, £, 77), ^ 
GNS-construction, ^ 

Hix;pi,p2,n), ^ H 
Haar weight, || 
Hopf ^-algebra Aq, ^ 

invariant subspace, |7| 
J(p,m,e,77),|2| 

/C(p,£,77),|5| 

/C(p,TO,£,77), H 



l|, 

/Co(p, m, e, 77), 
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31] 



L(c,d,zU),|lO^ 
to,£,?7),|52 



M+J 
M,| 

M+, 15 
M_, 15 

modular automorphism group, || 
modular conjugation, || 
modular operator, ^ 
multiplicative unitary, ^, |^ 

N(x;pi,p2,n), H 

A^5L(2,C)(5C/(1,1)),|| 

Nori 

<(A;p),|| 
normal functional, [S^ 
normal homomorphism, ^ 

C!,|l| 

*,|l| 

pentagonal identity, ^ 
Pontryagin dual, |^ 
predual M,, |8| 

Q{Pi,P2,n), ^ 
g-shifted factorials, |8^ 
quantized universal enveloping algebra 

C/,(su(l,l)),Jll 
quantum group. 



S{t;pi,p2,n), |5§,|91 
5C/(1,1),| 

adip,m,e,r]), || 

■s(a;,y), m 
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scaling group, || 
(T-strong-* topology, 
(T-weak topology, 
strong ^-topology, 
strong commutation of operators. 




strong topology, 87 



structure constants, [15| 

T{pi,P2,n), 
T, 
To,! 

tensor product, |8^ 

[/,(su(l,l)),|| 
Uq{su{l, l))-representations 

complementary series, |54| 

negative discrete series, p3 

7r/c(p,e,'7), H 

positive discrete series, 
principal series J 
strange series, [54 

unitary antipode, | 
V{pi,P2,n), H 

von Neumann algebra, ^ 

von Neumann algebra generated by operators, 

von Neumann algebraic quantum group, ^ 

weak topology, ^ 
weight, H 
faithful, I 

GNS-construction, ^ 
normal, ^ 
nsf, I 

semifinite, || 
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